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I. INTRODUCTION
The work reported here is part of a wider research program undertaken
at the Naval Postgraduate School to study the characteristics of periodic
flow past bluff bodies. It was prompted in part by the current practical
interest in ocean and wind engineering and in part by the need for more
basic hydrodynamic data on flow-induced forces on structures.
Much of the present knowledge on time-dependent forces acting on bluff
bodies in general and on circular cylinders in particular has been obtained
by means of model tests in wave channels or in wind- or water tunnels at
Reynolds numbers generally two to three orders of magnitude smaller than
prototype Reynolds numbers. These model tests have relied heavily on the
so-called Morison formula expressing the force as the sum of a velocity
dependent term known as the drag and an acceleration dependent term known
as the inertia force. This formula became a focus for research devoted
primarily to the determination of the appropriate drag and inertia coeffi-
cients and gave rise to large quantities of data. There has been a growing
awareness that the coefficients obtained at relatively low Reynolds numbers
may not be applicable at higher Reynolds numbers, that the transverse forces
acting on the elements of offshore structures may be as much or more impor-
tant than the in-line forces given by the Morison formula, and that the
initial or growing roughness may significantly alter the forces acting on
the structure. This awareness is more of practical than academic interest
for the margins of error previously tolerated are no longer acceptable.
In view of the foregoing considerations, the present research program
was undertaken with two main objectives: (a) to identify the physical
mechanisms and parameters responsible for the correlation or scatter of the
force-transfer coefficients; and (b) to furnish data, obtained under
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carefully controlled laboratory conditions, about the in-line and transverse
forces acting on smooth and rough circular cylinders in a sinusoidal ly
oscillating fluid at relatively large amplitudes and Reynolds numbers.
This report does not deal with ocean waves, non-harmonic fluid oscil-
lations, wave and current combination and its consequences, diffraction
effects, free-surface and/or wall -proximity effects, fluid elasticity or
hydroelasticity of flexible or flexibly supported cylinders in harmonic
fluid motion and with the interference effects between neighboring
structural elements.
Furthermore, no attempt is made to offer a chronological and/or
critical survey or a 'state of the art' appraisal of the fluid loading on
cylinders or offshore structures. Fairly complete accounts in the context
of wave forces are given by Wiegel [1], Hogben [2], and Grace [3], where
an extensive list of references can be found. Only those works which have
a direct bearing on the evaluation and/or discussion of the present data
will be reviewed in some detail wherever appropriate.
12
II. FORCE COEFFICIENTS AND GOVERNING PARAMETERS
A. CONCEPT
A completely satisfactory analysis of the resistance in unsteady
separated flow has escaped the concentrated efforts of many researchers.
No theoretical model can, at the moment, predict the complete force and
flow characteristics of a periodic flow about a circular cylinder. In
the absence of such an analysis, the most serious difficulty lies in the
description of the time-dependent force itself. Other difficulties arise
in the description and interpretation of the history of the motion and
of the effect of vortices. One approximate and physically meaningful
way around these difficulties is to assume, following Stokes 1 classic
analysis of the oscillating pendulum, that the total time-dependent in-
line force may be expressed as a sum of a velocity-square dependent drag
and an acceleration-dependent inertial force, each with a suitably-
averaged force coefficient. This then is the basis of the so-called
Mori son's equation [4].
B. IN-LINE FORCE
Data reduction for the forces in-line with the direction of oscillation
is based on Morison's equation and three different analysis of the force
records, namely, Fourier analysis, least squares, and a modified least-
squares method.
The in-line force which consists of the drag force F and the inertia










in which C and C represent respectively the drag and inertia coefficients
and U the instantaneous velocity of the ambient flow. The fact that C , and
C are history dependent may be demonstrated with a rather instructive
example. Consider an impulsive change superposed on an already established
viscous flow pattern. Just prior to the impulsive change, the drag coeffi-
cient is given by its steady state value at the corresponding Reynolds
number. Sears, as reported by Rott [5], has shown that "the initial motion
following the impulsive change of the boundary conditions consists of the
superposition of the velocity pattern existing just before the change and
the inviscid flow velocity pattern due to the impulsive boundary values
(together with the corresponding infinitely thin wall vortex sheets)". In
other words, at the initial instants of the impulsive change C
, is equal
to its steady state value and C = 2. As time progresses neither C. nor
C remains the same and changes with the changes in the flow, ever dominated
by the past history and ever affected by the gross features of the current
state.
For an oscillating flow represented by U = -U cose, with e = 27rt/T,
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represents the measured force. Evidently, C . and C are the
first two terms in a complete series expansion of the normalized force in
terms of the odd integers in sines and cosines. Additional coefficients
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in the series may be calculated in a manner similar to that done by
Keulegan and Carpenter [6]. An equally satisfactory and somewhat simpler
procedure is to use these two coefficients to evaluate the difference
between the measured and calculated forces as a function of the appropriate
parameters. The use of such a procedure is preferred herein for two reasons
Firstly, previous studies by Keulegan and Carpenter [6] and Sarpkaya [7]
have shown that C^ and Cm as given by equations (2) and (3) are the most
significant ones and sufficient to represent the measured force adequately.
Secondly, the Fourier analysis, as cited above, assumes the symmetry of
both the measured force and the imposed fluid motion, i.e. F(e) = -F(e+ir).
As will be discussed later, this is not always true and that a perfectly
uniform harmonic motion about a symmetrically situated cylinder can give
rise to an asymmetric flow and unexpected single vortex formation in
certain ranges of the governing parameters. This in turn results in an
asymmetry in the measured force. Obvious consequences of this asymmetry
are that the maximum force in a cycle is not equal to the mean of the
maximum forces (semi-peak-to-peak value) and that the mean value of the
transverse force is not necessarily zero.
The method of least-squares consists of the minimization of the error
between the measured and calculated forces. Letting F
m
represent the
instantaneous measured force and F
c
the force calculated through the use
of equation (1), and writing
E
2
= (Fm - F )
2
(4)v m c















Evidently, the Fourier analysis and the method of least-squares yield
identical C values and that the C. values differ only slightly,
m d
The error between the measured and calculated forces, particularly in
the neighborhood of the maximum forces, may be further minimized by choosing
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in which A and T represent respectively the amplitude and period of the
oscillation and L the length of the cylinder. The functions f. are given
by
2tt p a 2tt o .
f , = f F cos ede , f?










= / Fm sine | cose | cose de > fa =f F sin 6 de , f =f F sine de
Equations (8) and (9) may be shown to reduce to equations (5) and (6) by
replacing f" in equations (10) by F '" and carrying out the necessary
integrations in which F does not appear.
m
It is recognized that C and C. are only time-invariant averages and
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are not constant throughout the cycle. This report will not deal with the
instantaneous values of these coefficients.
In addition to those cited above, the following coefficients are of
special interest.
The semi-peak-to-peak value of the calculated maximum force in a
cycle, denoted by C^(spp), in terms of the drag and inertia coefficients
C, and C is given by
d m 3 J
C( Spp)=Cd+l!4 K^10 ^
in which K = U
m
T/D = 2-rrA/D and U , T, and D represent respectively the
maximum velocity in a cycle, the period of the sinusoidal oscillation, and
the diameter of the cylinder. Thus, C^(spp) is a measure of the calculated
maximum force.
Measured maximum force coefficient, denoted by Cf (mes), is defined by
_ ,
x
maximum of the measured force in a cycle /1oX
C
f
(mes) = * (12)
o.5P dlu;
As will be noted later, C (mes) is not necessarily equal to either Cf (spp)
or to a similar coefficient obtained through the use of the semi-peak-to-
peak value of the measured force.
Another important characteristic of the calculated and measured forces
is their root-mean-square (rms) values. The rms value of the calculated








The rms value of the measured force, denoted by C (arms), is calculated








Evidently, C (rms) and C (arms) should have comparable magnitudes for
identical values of the governing parameters.
It has been evident for quite sometime that equation (1) does not
represent the measured force to the same degree of accuracy for all values
of the governing parameters. It is, therefore, necessary to define and
evaluate suitable coefficients expressing the difference between the
measured and calculated forces. For this purpose three new coefficients












the us f equation (1), and F
m
(max) the maximum of the measured force in a
The second error coefficient is defined by





Evidently, the maximums of the measured and calculated forces do not occur
at the same t/T because of the difference between the calculated and
measured phase angles. Thus, it should be emphasized that F (max) in
equation (16) represents the maximum of the calculated force, as its
definition clearly implies, and not the calculated force at t/T at which
18
the measured force reaches its maximum. Consequently, the maximum of x(e)
(which may or may not result either from the difference between the maximum
of the measured force and the force calculated at the same t/T or from
the difference between the calculated maximum force and the measured force
JL
at the same t/T) is not equal to X .
Even though x(e) is some measure of fitness, its perusal is practically
impossible for it represents about 50 values per cycle and about 30,000
values for the set of data presented herein. Thus, a simpler measure of










and evaluated for each run.
C. TRANSVERSE FORCE (LIFT) COEFFICIENTS
This particular component of the total force has been continuously
recorded and analyzed in as much detail as possible for several reasons.
Firstly, its amplitude could, under certain circumstances, be as large as
that of the in-line force. Secondly, the transverse force could give rise
to fluid-elastic oscillations in wavy flows and to fatigue failure.
Thirdly, even the small transverse oscillations of the body distinctly
regularizes the wake motion, alter the spanwise correlation, and change
drastically the magnitude of both the in-line and transverse forces.
In the present study no attention is given to structural movement
and/or response and the test cylinders are held in position with
imperceptibly small motions as will be described later. Thus, in the
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following we will be concerned only with the transverse force coefficients
for rigid cylinders in uniform harmonic motion.
The transverse force may be analyzed in various ways. Some of these
are listed below:
a. the ratio of transverse forces to in-line forces. The reference
forces may be taken as their maximums (maximum peak values, irrespective
of the phase angle between them), as their average maximums (mean peak
values, particularly for wave basin studies), or as their rms values.
Such a ratio may be useful in providing gross design information;
b. in terms of a Fourier series in which the coefficients for all
the harmonics of the transverse force will have to be evaluated through
the use of the experimental data;
c. in terms of the transverse force coefficients for each harmonic
through the use of the definition
r




d. in terms of a maximum lift coefficient defined by
n , N maximum peak of the transverse force ,.- %




e. in terms of the mean or semi -peak-to-peak value of the transverse
force as
r









rms value of the transverse force
, %
C (rms) = (21)
0.5pDLU;
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Finally, the frequency of the transverse force may be analyzed in
terms of frequencies of each harmonic and/or in terms of a spectrum
analysis.
Other force coefficients based on velocities such as those corre-
sponding to maximum in-line force rather than to maximum velocities will
not be cited here in order not to confuse an already sufficiently complex
subject.
In the present study, the transverse force is evaluated in terms of
C (max) and C (rms). In addition, the frequency of the force oscillations
are determined in terms of the governing parameters. No attempt was made
to separately analyze the amplitudes of the harmonics of the transverse
force.
D. GOVERNING PARAMETERS
A simple dimensional analysis of the flow under consideration (uniform
harmonic motion about a circular cylinder placed with its axis normal to the
flow) shows that the time-dependent force coefficients and error functions
may be written as





= f(K , Re , t/T)
and
X(e) = g(K , Re , t/T) (23)
Evidently, U T/D may be replaced by 2irA/D or simply by A/D.
Equation (22), combined with equation (1), assuming for now that the
latter is indeed valid, yields





= f (K , Re , t/T) (25)
There is no simple way to deal with equations (24) and (25) even for the
most manageable time-dependent flows. The evaluation of the instantaneous
values of C, and C in a manner similar to that done by Keulegan anddm J 3
Carpenter [6] is not always valid for the assumption of the coefficients
C. and C each having equal values at 6-, = tt/2 + a and e - tt/2 - a, where
a is an angle less than tt/2, or at 8, = 3ir/2 + a and e_ = 3tt/2 - a or at
6, = tt + 3 and Q = tt - 3, where 3 is an angle less than it, does not always
hold true. This is because of the single-vortex shedding phenomenon noted
earlier and the resulting asymmetry in the in-line force. This aspect of
the problem requires a stability analysis of the vortex motion in harmonic
flow about cylinders.
Another and perhaps the only other alternative is to eliminate time
as an independent variable in equations (22) through (25) and consider
suitable time-invariant averages of the force coefficients. Thus, one has
f ^
111
C ,(rms) = f.(K , Re)
l
(26)
Even the equation (26), as simple and idealized as it is, gives rise
to many questions: Do the averaged coefficients really depend on both K
and Re?-, are K and Re the most suitable governing parameters?*, can one
obtain meaningful conclusions by plotting the data for a given coefficient
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with respect to, say, K and connecting points having equal Re or vice-
versa?; how should the experiments be conducted so that equation (26)
yields manageable plots?; which of the two parameters, if any, has a
more pronounced effect on the force coefficient under consideration?;
why has there been considerable scatter [1] in the field data when plotted
with respect to either K or Re?; are there ranges of K and Re in which
the effect of one is obscured by a reasonable correlation of the force
coefficients with the other? These and similar questions have been raised
by many investigators and attempts were made to establish suitable
correlations. The state of the art is such that the past conclusions and
conjectures can be critically scrutinized only through the acquisition of
reliable data obtained under controlled laboratory conditions with
relatively simple and hopefully two dimensional harmonic flow situations.
The purpose of such an effort is by no means to remove the need for
actual full scale experience. In fact, it is to encourage full scale
experiments and to enable those concerned to interpret and better under-
stand the factors effecting the force-transfer functions.
Let us now return to equation (26) and to the discussion of the
selection of the most suitable parameters. Past experience [6, 7] has
shown that the force coefficients are primarily functions of K at relatively
small Reynolds numbers and that the effect of viscosity is obscured by the
excellent correlation between K and the force coefficients. Again previous
efforts and the reasoning based on dimensional analysis have shown that
there is an undeniable effect of the Reynolds number. Thus means have to
be devised to delineate the effect of both K and Re or some other viscosity
dependent parameter.
It appears, for the purposes of equation (26), that the Reynolds number
is not the most suitable non-dimensional parameter involving viscosity even
23
though in most other flow situations "Reynolds number is the liveliest
of all the non-dimensional parameters". The primary reasons for this are
that the effect of viscosity is relatively small and that the maximum
velocity U appears in both K = U
m
T/D and Re = U D/v.
Simple rules of dimensional analysis state that one obtains the
maximum amount of experimental control over the dimensionless variables
if the original variables that can be regulated each occur in only one
dimensionless product. Thus, if U is easily varied experimentally, then
U should occur in only one of the independent dimensionless parameters.
With this hint in mind, let us reconsider equation (26) and replace Re by
2
Re/K = D /vT. This parameter shall be called the 'frequency parameter'
and denoted by g so that
3 = D
2/vT (27)
Evidently, for a series of experiments conducted with a cylinder of a
given diameter D in water (of uniform and constant temperature) undergoing
harmonic oscillations with a constant period of T, g is held constant.
Then the variation of a force coefficient with K may be plotted for constant
values of g. Subsequently, one can easily recover the Reynolds number from
Re = Kg (28)
and connect the points, on each g = constant curve, representing a given
Reynolds number for suitably selected values of the Reynolds number. Such
a procedure eliminates the difficulty of trying to draw contours of constant
K, or constant Re, or constant C , or C in plots of C d or C versus K or Re,d m m
or K versus Re.
Suffice it to note that the smooth cylinder data reported herein shall
be analyzed according to the relationship
C^a coefficient) = f. (K
, g) (29)
24
and the Reynolds number will be used in the manner described above. The
power of this new plotting procedure (new as far as the wave force analysis
is concerned) will become apparent later.
A few words about the frequency parameter 3 is necessary before
proceeding further. It is often encountered in the analysis of periodic
flows. For example, the exact solution of the flow in a pipe due to a
periodic pressure gradient shows that [8] the velocity distribution is
a function of 3, among other parameters. The stability characteristics
of such flows are also determined by 3 as shown by Sarpkaya [9]. Additional
discussion of the role played by 3 will be presented in connection with the
discussion of results.
Let us now re-examine a set of data previously obtained by others [6]
partly to illustrate the use and significance of K and 3 as the governing
parameters and partly to take up, as early as possible, the question of
the effect of Reynolds number on the various force coefficients.
The data given by Keulegan and Carpenter [6] may be represented by
12 different values of 3. The drag and inertia coefficients for each 3
are plotted in Figs. 1 and 2 and connected with straightline segments.
The individual data points are not shown in order to keep the figures
relatively clean. A careful examination of these figures reveals several
important facts: (a) in Fig. 1, the data corresponding to 3 = 2935, which
fall in the region where the drag forces are small relative to the inertia!
forces, show peaks and valleys which may or may not be due to the experimen-
tal errors; (b) the data corresponding to 3 = 141 appear to be out of place
relative to those corresponding to 3 = 97 and 3 = 217; (c) in both figures
the range of K for each 3 is relatively narrow; and that (d) the identi-
fication of the individual data points in terms of the cylinder diameter,
as was done by Keulegan and Carpenter, irrespective of the 3 values gives
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the impression of a scatter in the data and invites one to draw a mean
drag curve through all data points. Such a temptation is further increased
by the fact that the data for each @ span over only a small range of K
values. Evidently, the drawing of such a mean curve eliminates the depend-
ence of C
,
and/or C on 3 and hence on Re.
Also shown in Figs. 1 and 2 are points representing four selected
Reynolds numbers. The K values for each Re and 3 were calculated from
K = Re/3 and are shown in Table-I together with the run numbers (used by
Keulegan and Carpenter) and cylinder diameters. Note that for runs 34
through 38, 3 ~ 217 and D = 0.75 inches, and for runs 90 through 93,
3 - 141 and D = 0.75 inches. The difference in 3 values for the same
cylinder stems from the fact that the two sets of experiments were conducted
at different water temperatures. Similar comparisons may be made between
runs 20 through 24 and 82 through 85, and between runs 39 through 41 and
86 through 89. In fact, this is the reason why 9 cylinders used by
Keulegan and Carpenter yield 12 different 3 values.
The points corresponding to the suitably selected Reynolds numbers
(re = 10,000, 15,000, 20,000, and 25,000) are reproduced in Figs. 3 and 4
and connected, as carefully as possible, with smooth curves. These figures
show, within the range of Re and K values encountered in the data of
Keulegan and Carpenter, that (a) C depends on both K and Re for all values
d
of K and decreases with increasing Re for a given K; (b) C depends on both
m
K and Re for K larger than approximately 15 and decreases with increasing Re;
and that (c) the dependence of C. on Re as well as on K for K > 15 is more
significant than the apparent dependence of C. on Re for K < 15 and of C
d m
on Re for K > 15. The reason for this is that the experimental errors in
















1- 9 3.00 2935 3.4 5.1 6.8 8.5
10-14 2.50 2106 4.8 7.1 9.5
*
11.9
15-19 2.00 1360 7.4* 11.0 14.7 18.4*
78-81 1.75 987 —
20-24 1.50 796 12.6 18.8 25.1
*
31.4









34-38 0.75 217 46.1 69.1
90-93 0.75 141
39-41 0.50 97 103.1
86-89 0.50 78
* Points plotted with a small extrapolation of the 3 lines beyond the
limits of the data given by Keulegan and Carpenter [6].
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K < 15 (where the drag force is relatively small) are likely to be large.
Notwithstanding this fact, Figs. 1 through 4 show unmistakably the depend-
ence of C, and C on both K and Re and help to put to rest the long
d m
standing controversy regarding the dependence or lack of dependence of
the Keulegan-Carpenter data on the Reynolds number. These figures also
show the importance of 3 as one of the governing parameters in interpreting
the data, in interpolating the K values for a given Re, and in providing
guide lines for further experiments as far as the ranges of K and e are
concerned.
The foregoing is not the first attempt to show the role played by
viscosity. The previous attempts have all been based on drawing mean lines
through bands of Reynolds numbers or relative amplitudes or K values.
Thirriot, Longree, and Barthet [10] have classified the drag coefficient
by bands of Reynolds numbers and plotted them as a function of A/D. This
plot then yielded two other plots in which C . is plotted as a function of
Re for constant values of A/D. One of the plots is for A/D < 1.6 and the
other for A/D > 2. Such plots do show the dependence of C, on Re as well
as on K but they are not as unambiguous as those presented herein.
Thirriot et al. [10] did not deal with the inertia coefficient either
in Keulegan-Carpenter data or in their own experiments. Isaacson [11]
replotted Keulegan-Carpenter data by drawing K = constant lines through
bands of K values in a plot of C versus Re. This plot shows, as we haveK
m
ft
shown in Fig. 4 that, C decreases with increasing Re for a given K.3 m aa
* This writer, working with John S. McNown and Garbis H. Keulegan in
1957, found among many plots and cross-plots of Keulegan's data some indi-
cation of the effect of viscosity. But the plots were never as clear and
definitive as the ones presented herein 18 years later!
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As we shall see later, this conclusion as well as the data which it is
based on appears to be incorrect.
Thirriot et al. [10] have oscillated cylinders in a tank of still
water and carefully recorded all of the experimental difficulties. They
have found that their own data, like those of Keulegan and Carpenter, show
a dependence on both Re and K. Thirriot et al.'s data are not given in a
tabulated form. Thus, no attempt is made here to replot them through the
use of the parameters K and 6. One of the most important findings of
Thirriot et al . was the existence of a second maximum in Cj for very small
4
values of K or A/D, (e.g. at Re - 1.25x10 the maximums occur at K ~ 18
and at K s 4). The second maximum at K = 4 is about 60% lower than the
first maximum. Thirriot et al . [10], having underlined the experimental
difficulties encountered with the free surface, cylinder supports, oscillating
mechanism, etc., did not elaborate further on their data and chose to give
"des resultats a l'etat presque brut."
It was noted earlier in connection with the discussion of Fig. 1 that
the Keulegan-Carpenter data for 3 = 2935 show some irregularity which may or
may not be due to the experimental errors. It is noted that for & = 2935,
C, rises to a maximum of 1.23 at K - 4.3 and then decreases to 0.91 at
d
4
K - 5.2 and so on. This maximum occurs at a Reynolds number of 1.25x10
and is about 56% of the maximum value of C, for Re = 12,500 (see Fig. 3).
d
It may be concluded tentatively, on the basis of the strong similarity
between these values and those noted above in Thirriot et al.'s data, that
the rapid changes in Keulegan-Carpenter data for $ = 2935 are not due to
experimental errors and do indeed reflect the true changes in C, . We will
return to the discussion of this point later in connection with the discussion
of the data obtained in the present investigation.
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III. EXPERIMENTAL EQUIPMENT AND PROCEDURES
A. OSCILLATING FLOW ABOUT A BODY AT REST VERSUS OSCILLATING BODY IN
A FLUID OTHERWISE AT REST
Mathematically, there is no difference between the two situations.
As stated by Batchelor [12], "The equation of motion of a fluid in the
moving frame is therefore identical in form with that in an absolute frame
provided we suppose that the fictitious body force -f (assuming a non-
rotating frame) per unit mass acts upon the fluid in addition to the real
body and surface forces", "-f is simply the apparent body-force that
compensates for the translational acceleration of the frame." In other
words, the inertia coefficient C for the fluid accelerating about a body
m
3
at rest is equal to C = 1 + C where C is the added mass coefficient.
^ m a a
For an ideal fluid flow (or for the initial instants of an impulsive change
in the velocity of a real fluid) about a cylinder, one has C = 2 and
C, = 1 . The transverse force remains unaffected since there is no additional
a
net lift on any body element aligned in the transverse direction [11].
Experimentally, there are significant differences between the difficulties
encountered in the two situations. In fact, the selection of one situation
over the other has to be based on an extremely careful consideration of all
the known and anticipated difficulties, errors to be tolerated, forces to be
measured (in-line and/or transverse), the purpose of the investigation, etc.
Let us now consider some of these difficulties.
1. Advantages and disadvantages of oscillating the body:
a. The effect of waves and free surface disturbances in the test
basin created by the oscillating body are difficult to assess;
b. The supporting or driving arms can cause additional disturbances
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and time-dependent forces which are not easy to eliminate or estimate;
c. Vibration of the entire system, particularly at low frequencies
of oscillation, is unavoidable. Consequently, one has to draw smooth
lines over the recorded forces or use suitable electronic filters;
d. The inertial force due to the mass of the oscillating body has
to be subtracted from the total force either electronically by mounting an
image cylinder and force transducer system above the test body or by
carrying out the experiments once in air and once in water. This may be
possible where either the drag or the inertial force is large. However,
in the region of governing parameters where both are important, a small
error in the phase angle can lead to large errors in the coefficients.
e. It may be difficult to give a perfectly repetetive or harmonic
motion to the body at high velocities because of the possible changes in
the speed of the driving motor due to the changes in the forces acting on
the body;
f. It is quite difficult to measure simultaneously or independently
both the in-line and transverse forces. Mercier [13] who measured both
the in-line and transverse force by oscillating a circular cylinder had
considerable difficulties in assessing the degree of accuracy of his
measurements even at relatively small Reynolds numbers. In fact Mercier noted
that "The forces in-line with the oscillation are strongly dependent on the
inertia force associated with the model and apparatus, which accounts for
about three-fourths of the total force for small amplitudes of motion and
about half for large amplitudes." "In view of this, it is considered
difficult and imprecise to attempt to derive hydrodynamic force information
for this component from the oscillograph records", and that "data analysis
of oscillator test results must be done with the utmost care because of the
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unavoidable large inertia tare." As noted earlier, Thirriot et al . [10]
have encountered similar difficulties in evaluating the drag component of
the in-line force. They were not concerned with the inertia! component
of the in-line force and the transverse force. In spite of these diffi-
culties, however, both Thirriot et al . and Mercier have been reasonably
successful in determining the force coefficients for most of the cases
studied by them.
Hamann and Dal ton [14] oscillated the cylinder in a fluid at rest
and encountered various difficulties which are aptly described by them.
They had to use both low-pass and high-pass filters before feeding the
signals to the amplifier-recorder system. This, in turn, caused phase
shift and it had to be determined through indirect means. It became
clear to them that a real picture of the force on the oscillating cylinder
could be obtained only after the values from the recordings had been
corrected by the dynamic component and were brought into correct relation
with the recorded position signal.
g. The advantages of oscillating the body are that one can
independently vary the Reynolds number and the amplitude and that one
determines, after subtracting the inertial force due to the mass of the
oscillating body, the fluid induced forces and hence C, and C instead of
d a
C and 1+C since no pressure gradient exists in the fluid otherwise at
u a
rest. Thus, the added mass coefficient can be determined more directly
provided that all of the difficulties cited above can be overcome with
sufficient ease and accuracy to justify the achievement of a slightly




. As far as this writer is concerned, the
difficulties outlined above are next to impossible to overcome particularly
for oscillations in the higher Reynolds number range. Furthermore, the
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efforts devoted merely to the determination of the in-line force without
due regard to the transverse force meet the problem under consideration
only half way. It is now clear that one must consider a rather large
transverse force as well as an in-line force in the design of structures
subjected to wave forces. It is further clear that the oscillations of
the transverse force and the fatigue which could be caused by them may
be the most important design criteria. Past experience shows that it is
difficult to obtain reliable transverse force data by oscillating the body
in a fluid at rest or in motion.
2. Advantages and disadvantages of oscillating the fluid about a
body at rest:
a. If the fluid is allowed to oscillate harmonically at its
natural frequency in a U-shaped tunnel [7], or in a wave basin [6] then
the frequency of oscillation is fixed. Consequently, the Reynolds number
cannot be varied independently. However, the frequency parameter 6,
introduced in this report, can be kept constant while varying K. The
power of this procedure has already been demonstrated by re-analyzing the
data provided by Keulegan and Carpenter. Thus, the constancy of the
period is no longer a disadvantage.
b. The fluid may also be oscillated by a piston in a large water
tunnel at desired amplitudes and frequencies. Such a system will have to
be extremely complex for large Reynolds numbers. Even then it may not be
free from the difficulties described in connection with the oscillating
body.
c. If the oscillating fluid involves a free surface, one has to
deal with the fact that the free surface is inherently unstable, particularly
when the acceleration is directed towards the liquid as shown by Taylor [15]
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and Benjamin and Ursell [16]. Hence, for a fluid oscillating in a U-
shaped tunnel or wave basin, the free surface is unstable in a down motion.
It turns out that this instability is not a serious problem and in fact,
a very easy one to deal with.
B. THE U-SHAPED OSCILLATING FLOW TUNNEL
Experiments carried out [7] in the initial phases of the study with
small smooth cylinders at low Reynolds numbers have proved the versatility
and usefulness of a U-shaped oscillating-flow apparatus. Thus, in an
attempt to achieve larger Reynolds numbers, it was only natural to construct
a larger U-shaped tunnel.
Among the various designs considered, the one shown in Fig. 5 was
finally selected for construction. A photograph of the completed and
fully-instrumented structure is shown in Fig. 6. It consists of 11 modules
for ease of construction, transportation, and final assembly. Each module
is made of 3/8 inch aluminum plates reinforced with 1/2x4x18 inch flanges
welded to the plates. The modules were assembled with the help of an air
drying silicon rubber between the flanges of two adjacent modules and one
inch steel bolts placed 6 inches apart. The inside of each module was
precision machined so that the largest misalignment was 0.04 inches.
Prior to the description of its instrumentation and operation, a few
words are necessary about the general shape of the tunnel . The cross-
section of the two legs is 6 ft by 3 ft whereas that of the test section
is 3 ft by 3 ft. This selection was dictated by several considerations
such as the available ceiling height, pressures to be encountered and
hence the structural and economic considerations, desire to obtain an
actual amplitude or velocity of oscillation at least twice that of the free
surface, period of oscillation, Reynolds number and the relative amplitudes
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desired, possible separation of the flow at the corners, natural damping
of the oscillations, and the magnitude and the frequency of the forces
to be encountered. The length of the 3 ft by 3 ft horizontal section
was chosen larger than twice the actual amplitude to insure fully developed
uniform flow at the test section. Finally, the two corners of the tunnel
wew carefully streamlined to prevent separation. The design proved to be
more than adequate for no separation was encountered, and the desired
amplitude and frequency of oscillations have been achieved.
The auxiliary components of the tunnel consisted of plumbing for
filling and emptying of the tunnel, butterfly-valve system, and the air
supply system. The plumbing consisted of simple piping for hot and cold
water (55 to 120 F), heat exchanger, several pumps, and a filter.
The butterfly-valve system (mounted on top of one of the legs of the
tunnel) consisted of 4 plates, each 18 inches wide and 36 inches long. A
one inch steel shaft was placed at the axis of each valve plate. Aluminum
housings supported both ends of the shaft with self-aligning ball bearings.
A 6 inch gear was attached to one end of each shaft which extended beyond
the bearing. All four valve plates were then aligned and driven by a
simple rack-and-pinion system. The rack was actuated by an air-driven
piston with the help of a three-way valve connected to the air-supply
system.
The valves, in their closed position, completely sealed the top of
one of the legs of the tunnel (see Figs. 7 and 8). The top of the other
leg was left open. Initially, the butterfly valves were closed and air
was admitted to that side of the tunnel to create the desired differential
water level between the two legs of the tunnel. Then the valves were
opened quickly with the help of a pneumatically-driven three-way control
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valve. This action set the fluid in the tunnel in oscillatory motion with
a natural period of T = 5.272 seconds. Subsequent oscillations were
maintained either by closing and opening the valves with a suitable period.
in perfect synchronization with the oscillation of water, or by simply
letting the butterfly valves remain open. A series of experiments starting
with the largest amplitude and cylinder diameter was conducted through the
use of both methods. The following important conclusions have been reached.
Firstly, the damping of the motion is such that the amplitude of oscillation
decreases about 0.13 inches per cycle for the largest amplitude and about
0.06 inches per cycle for amplitudes smaller than about half the maximum.
In other words, the amplitude decreases 0.4% per cycle for the maximum
amplitude and about 0.2% per cycle for smaller amplitudes. In fact, an
oscillation beginning with an amplitude of 30 inches damped to an oscillation
with an amplitude of 2 inches over a period of 45 minutes, after about 500
cycles of oscillation. Thus, over a period of 4 complete cycles of
oscillation at any mean amplitude, the amplitude, velocity, and the
acceleration of the fluid changed about 1%. On the other hand, experiments
with forced oscillation about the natural frequency of oscillation of the
fluid have shown that the amplitude cannot be maintained to an accuracy
better than 1% and that one must contend with some high frequency
oscillations, however small, superposed on the acceleration trace due to
the cyclic operation of the butterfly valves.
Following the observations cited above, experiments were carried out
with non-forced oscillations and the results were compared from time to
time with those obtained with forced oscillations. The advantages of the
method adopted became apparent very quickly. Firstly, the oscillations
were so smooth that there was no need for filters between the transducer
outputs and the recording system. Secondly, one test, over a period of
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about an hour, showed the evolution of the in-line and transverse forces
for all possible values of K for a given g.
1. Velocity Distribution at the Test Section
There was no easy way to check the uniformity of the velocity
distribution at the test section. This could have been done by recording
the velocity at various points along a vertical and horizontal line at the
test section through the use of a hot-film anemometer and comparing the
velocity traces and the amplitudes of velocities at the corresponding
times. Such a method was seriously considered but the difficulties to
be encountered led to its abandonment. Instead, it was decided to measure
and compare the pressure gradients along the top and side walls of the
tunnel at the test section. A differential pressure transducer was
connected to two pressure taps placed one foot on either side of the test
section, on all three sides of the tunnel. The outputs of all transducers
(each calibrated properly so as to yield the same millivolts of signal
for the same static differential pressure) were recorded simultaneously.
The signals which were in fact measurements of the instantaneous acceleration
of the fluid, were almost identical and did not differ more than 0.5% for
all amplitudes of oscillation. This procedure has shown that the instantaneous
pressure gradient or acceleration along the three faces of the tunnel were
identical
.
The above method of measurement of the instantaneous acceleration
was also applied to two other sections, one 4 ft to the left and one 4 ft
to the right of the test section, in order to check the uniformity of the
instantaneous acceleration distribution in the approach flow. Repeated
experiments with representative amplitudes of oscillation have shown that
the instantaneous as well as maximum acceleration along the top and side
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faces of the tunnel do not differ more than 0.5%. The foregoing two
sets of experiments were taken as an indication of the uniformity of the
acceleration distribution and hence of the velocity distribution both in
the test section and away from the test section.
C. CIRCULAR CYLINDERS
Seven circular cylinders with diameters ranging from 6.5 inches to
2 inches were used. The cylinders were turned on a lathe from aluminum
pipes and polished to a mirror-shine surface. The resulting surface
texture was as smooth as possible as verified by microscopic inspection.
There is no doubt that it was hydrodynamically smooth also. The length
of each cylinder was precisely 35-15/16 inches. This allowed 1/32 inch
gap between the tunnel wall and each end of the cylinder. As will be
noted later, the cylinder was prevented from moving towards one or the
other wall by means of small 0-rings attached to the end of the force
transducers. A double-ball precision bearing (SKF-2303-J) with an
approximately 0.6 inch bore was inserted into the ends of the cylinder in
3 inch long housings which sealed the cylinder air tight. The outer face
of each bearing was flush with the end of the cylinder.
Same cylinders were also used as rough cylinders with various types
of distributed surface roughnesses. Some of the cylinders were roughened
with sand. For this purpose, sand was sieved and applied on the cylinder
surface with air-drying epoxy paint. The second type of distributed
surface roughness was obtained through the use of commercially available
sand paper purchased from the 3M company. The sand papers were carefully
wrapped around the cylinders and glued with the same epoxy paint. The
thickness of the various papers, together with the glue, varied from about
0.03 inch to 0.05 inch. The Reynolds numbers were calculated by adding
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to the diameter of the smooth cylinder twice the paper and paint thickness
plus one half the hight of the roughness element. Evidently, the thicknesses
involved were rather small relative to the size of the cylinders used and the
difference between the Reynolds numbers calculated as above and those based
on the smooth cylinder diameter were quite small and certainly within the
range of experimental errors.
The third type of distributed surface roughness was obtained through
the use of commercially available polistyrene beads of uniform diameter,
glued to the cylinder surface as described above.










6.475 0.18 5259.9 and 8370
5.975 0.17 5.99 4480.2
4.990 0.14 7.17 3123.2
3.978 0.11 8.99 1985.2
2.970 0.082 12.05 1106.6
2.500 0.069 14.31 783.8
1.991 0.055 17.97 497.2
* w is the width or hight of the test section, w = 3 ft.
L = w = 3 ft.
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Rough cylinders
Diameters of the cylinders used before roughness is applied:
D = 6 475" 5.975" 4.990" 3.978" 2.970" 2.500" 1.991"
Relative roughness k/D used for each cylinder:
k/D » 1/50 1/180 1/360
; Temperatures used for each D and k/D:
1/500
75 85 100 120F = 55 65
D. FORCE MEASUREMENTS
Two identical force transducers, one at each end of the cylinder,
were used to measure the instantaneous in-line and transverse forces. The
basic transducer was purchased from the BLH Electronics, Inc. under the
trade name of Type LBP1 and catalogue No. 420271. The important dimensions
of the transducer are shown in Fig. 9. The gage had a capacity of 500
pounds with an overload capacity of 200% The deflection of the gage
under a 500 pound load was 0.01 inches. For the largest cylinder used
and the amplitude of oscillation tested, the maximum load was about 100
pounds and the deflection of the cantilever end of the gage was less than
0.002 inches.
A special housing was built for each gage so that it can be mounted
on the tunnel window and rotated to measure either the in-line or the
transverse force alone. Figure 10 shows the entire gage assembly.
The bellows which protected the strain gages had to be water proofed
in such a manner that they would not adversely affect the operation of
the gages when subjected to about 20 ft water pressure at temperatures
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65 F to 165 F. For this purpose, the bellows were filled completely with
a liquid silicon rubber (Dow Corning 3140 RTV coating) without bringing
the rubber into contact with air during the filling operation. Then the
ends of the bellows were sealed air tight with special clamps. The silicon
rubber remained in its original liquid form throughout the operation of
the gage.
The cylinders were placed in the test section by retracting the
gages from their housing and then pushing them into the bearings mounted
at each end of the cylinders. As noted earlier, the 0-rings placed on
the cantilever end of each gage prevented the test cylinders from moving
side ways towards one or the other wall and helped to set exactly 1/32
inch space between the cylinder and the tunnel wall. The cylinders were
free to rotate, as they should be, at the application of a slight torque
by hand.
After mounting the first cylinder, the exact angular position of the
gages within their housing had to be determined and set with a pin so that
the gages measure either only the in-line or the transverse force. For
this purpose, a 200 Pound load was hung on the cylinder with a lubricated
nylon rope. The in-line force (acting in the horizontal direction) was
observed on the amplifier-recorder system. Then the gage was rotated in small
increments until the in-line force was exactly zero. A final check was
made by measuring the outputs of the gages with a precision voltmeter.
Then the position of each gage was marked and set with a pin. Finally,
four bolts were placed on the gage housing to hold the gages rigidly in
position. Removal of these bolts and the pin allowed the rotation of the
gages for exactly 90 degrees. Then the bolts and a new pin were placed
in position. In this manner the gages were capable of measuring either
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the in-line or the transverse force without a cross-talk between the two
forces. At times both gages were used to measure only the in-line or only
the transverse force.
The calibration of each gage was accomplished by hanging loads in the
middle of the cylinder after setting both gages to sense only the transverse
force (here in the vertical direction). The directional sensitivity of
the gages was also checked by applying identical loads upwards on the
cylinders with the help of a hook-cantilever arm attached to the top of
the tunnel outside the test section. Repeated calibrations have shown
that (a) the gages were absolutely linear up to 500 pounds; (b) the gages
yielded the same signal for loads applied either upward or downward; and
that (c) the gages, together with the electronic system to which they were
attached, were capable of sensing loads as small as 0.02 pounds, (this
corresponded to a 1 mm deflection on a 50 mm wide recorder paper).
The natural frequency of vibration of the cylinder-gage assembly in
water was found to be in excess of 100 Hertz for all cylinders tested.
This frequency was several times larger than the largest vortex shedding
frequency encountered.
E. DATA ACQUISITION SYSTEM
It was deemed desirable to have both analog and digital outputs of
the in-line and transverse force versus elevation. For this purpose, the
output of the force transducers were first fed to an 8 channel carrier-
amplifier-recorder system. The output of the 8-channel system was then fed
to two two-channel amplifier-recorder systems. One of the recorders gave
a simultaneous recording of the in-line force versus elevation. The other
recorder gave a simultaneous recording of the transverse force versus
elevation. The force signals from the 8-channel recorder were branched
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off to two DC amplifiers and then to a Varian computer for analog-to-digital
conversion. Also fed into the Varian computer were the signals received
from other pressure transducers which did not require further amplification
after leaving the 8-channel recorder. The analog output of the 8-channel
recorder and the digital output of the Varian computer were calibrated
for a series of loads applied on the force gages and pressure transducers.
Frequently, both the analog and digital data for a given test have been
evaluated to check the consistency of the data acquisition system. As
will be amplified later, the analog data have been read at eyery 0.1
seconds which corresponded to every 6.8285 degrees in a cycle. The
digital sampling rate was set at either 10 samples/second/channel or at
20 samples/second/channel.
F. ACCELERATION, ELEVATION, OR VELOCITY MEASUREMENT
It is because of the extreme importance of the accurate measurement
of the instantaneous values of these quantities that they are discussed
here separately.
Firstly, it should be noted that the measurement of the amplitude of
either the acceleration, or elevation, or the velocity is more or less a
matter of interpretation of the signal received from the appropriate
transducer in light of one of the following expressions
U = 2ttA/T , a = (dU/dt) = (2tt/T)
2
A = 27rUm/T
m m m nr
in which T is constant and equal to 5.272 seconds for the experiments
reported herein.
Three transducers were used to generate three independent DC signals,
each proportional to the instantaneous value of one of the quantities
cited above. The first one consisted of a six feet long platinum wire
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stretched vertically in one leg of the tunnel. The output of the capaci-
tance-wire bridge was connected to the 8-channel recorder as noted above.
The response of the wire was found to be perfectly linear within the range
of oscillations encountered. The wire was capable of yielding a measurable
signal for changes in water elevation as small as 1/32 inches. Such a
sensitivity was not, however, always desirable for the small instabilities
previously noted on the water surface gave rise to small oscillations in
the analog recorders. The effect of such instabilities were practically
eliminated by placing the wire along the axis of a 1 ft diameter and 8 ft
long thin plastic pipe.
The second method consisted of the measurement of the instantaneous
acceleration by means of a differential -pressure transducer connected to
two pressure taps placed horizontally 2 ft apart and 4 ft to one side of
the test section. The output of the transducer was connected to the 8-
channel recorder and then to the Varian computer. The instantaneous
acceleration was then calculated from Ap = ps dU/dt where Ap is the
differential pressure, s the distance between the pressure taps, and dU/dt
is the instantaneous acceleration of the fluid. The effect of the pressure
drop due to the viscous forces over the distance s was calculated and
found to be negligible.
The third method again consisted of the measurement of the differential
pressure between two pressure taps. The two taps were placed symmetrically
on the two legs of the tunnel at an elevation H = 50 inches below the mean
water level about which the fluid oscillated (see Fig* 5). Applying
Bernoulli's equation for unsteady flow between each pressure tap and the
instantaneous level of water, one can easily show that twice the amplitude




= (Ap/Y )/[1 - (2Tr/T)
2
H/g] (30)
in which g, y> and T are constants and H is kept constant. Thus, the
signal of this transducer yielded the virtual amplitude or the maximum
velocity in each cycle. It was entirely free from noise or small free
surface effects. Before each series of experiments a static calibration
of the transducer was obtained by applying known differential pressures
to the transducer. As noted before, the calibration was not only
consistent but also perfectly linear. The transducer did not have to be
dynamically calibrated for it had a fequency response in excess of several
hundred Hertz.
All three methods cited above were used to monitor the oscillations.
The results were most gratifying and yielded the amplitude, velocity, or
acceleration to an accuracy of about Mo of the amplitude of each of these
variables. These comparisons as well as the perfectly sinusoidal character
of the traces speak for the suitability of the unique test facility used
in this investigation, (see Figs. 11 and 12).
G. DATA REDUCTION
The in-line and transverse forces were reduced from both the 2-channel
recorder traces and the Varian-computer output. Furthermore, the frequency
or frequencies of the transverse-force oscillations were recorded for each
run.
Experiments were repeated at least five times for each cylinder. Only
two of such runs were evaluated, however, because of the enormity of the
effort involved in data reduction. Initially, at least three runs were
evaluated and it was found that the differences in the results obtained
from a set of three runs were always less than 5%.
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The tabulated data were punched on IBM cards and combined with a
computer program to evaluate all of the coefficients previously discussed.
Some of the coefficients and the corresponding governing parameters are
presented in Appendix-A in tabular form. Tables for raw data for each Re
and K are not presented due to space limitations (about 2000 pages).
H. BLOCKAGE AND LENGTH-TO-DIAMETER RATIO EFFECTS
Attempts to achieve as high Reynolds numbers as possible in conducting
wind-tunnel and water-tunnel experiments invariably give rise to wall-
interference effects which, of course, influence whatever measurements are
made. There are several blockage correction formulas for steady flows
which might be used so that the wall -interference effects on the calculated
force coefficients might be minimized. Unfortunately, none of these
formulas could be used in the present study for no one has demonstrated that
the blockage effects in oscillatory flows are identical to those experienced
in steady flows.
The blockage ratio D/w and the length-to-diameter ratio L/D, for the
cylinders used in the present study, were previously tabulated. For
comparison, it should be noted that in the cylinder experiments of Achenbach
[17] and in some of the experiments of Fage and Falkner [18] the blockage
ratios were 0.166 and 0.185 respectively. Guven et al . [19] used cylinders
with a blockage ratio of 0.178. The length-to-diameter ratio in Fage and
Warsap's [20] experiments was 20.2 or 7.88, depending on the diameter of
the two cylinders they used, as compared to 3.33 in the experiments of
Achenbach [17] and 3.08 in the experiments of Guven et al . [19].
It is generally observed that values of C. are smaller for cylinders
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with larger length-to-diameter ratio. Furthermore, the wake of the cylinder,
near the cylinder ends, is supplied with high pressure fluid from the front
and as a result smaller values of C^ are expected since the base pressure is
increased over the value it would otherwise attain. Thus the presence of
gaps and the larger L/D ratios could result in lower drag coefficients. In
the subcritical range of Re, however, these effects appear to be negligible.
In fact Morsbach [21] found that in the subcritical range there is no effect
of length-to-diameter ratio.
In the present experiments, the gap cannot be eliminated by extending
the cylinder into a cylindrical cavity within the two windows supporting
the gages and the cylinder because of the fact that several cylinders of
different diameters were used. It would have been too costly to build a
pair of windows for each cylinder. It is believed that the yery small gap-
to-diameter ratios encountered plus the cantilever end of the gage
extending into the cylinder minimized the supply of high pressure fluid into
the wake of the cylinder during part of the cycle.
Returning to the discussion of the blockage effect it must be
emphasized that the formulas used for steady flow correction effects cannot
be applied to oscillating flows and that there is not a unique blockage
correction for the entire period of the harmonic flow. This is evident
from the fact that within a given cycle the fluid undergoes varying
accelerations and velocities and the wake width, momentum deficiency, and
the wake pressure change accordingly. Thus, a blockage correction made
for the instant of maximum velocity is not applicable to the instant at
which the maximum acceleration occurs.
In view of the fact that there are no previous investigations, a series
of experiments had to be conducted to determine the role of blockage in the
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flow under consideration. For this purpose a differential-pressure
transducer was connected to two pressure taps on the same side of the tunnel
wall. One of the taps was placed on the wall directly above the axis of the
test cylinder. The other tap was placed 30 inches to one side of the first
tap along a line parallel to the flow. A series of experiments was carried
out with the 6.475 inch cylinder and the differential pressure was recorded
and compared with the differential pressure obtained from the acceleration
transducer. Furthermore, to simplify the comparison both transducers were
calibrated so as to render exactly the same output under identical calibration
loads. The results have shown that the two differential pressures were
nearly identical during the entire cycle and that they were certainly within
3% of each other. This somewhat surprising result is a clear indication of
the fact that the blockage effect in harmonic flows is negligible at least
for D/w ratios less than 0.18. Although no special attempt was made to
interpret the lack of blockage effect in such flows it is believed that the
presence of vortices on both sides of the cylinder together with the high
periods of acceleration and velocity render the flow relatively more uniform
at short distances away from the cylinder in the test section. Therefore,
for the reasons cited above no blockage-effect corrections were applied to
the data presented here. It might be of interest to note that had the flow
been assumed steady and had the maximum velocity for the largest cylinder
and the Reynolds number were used to calculate a blockage-effect correction
through the use of one of the existing formulas, one would have found a
correction of about 6% in the drag coefficient.
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IV. RESULTS AND DISCUSSIONS
A. IN-LINE FORCE COEFFICIENTS FOR SMOOTH CYLINDERS
The drag, inertia, and the maximum-force coefficients are presented
in Figs. 13 through 20, 21 through 28, and 29 through 36, respectively, as
a function of K for constant values of 3. In each figure, the Reynolds
number increases with increasing K in accordance with Re = K3. Thus, one
can determine K in each figure for a given Re and examine the variation of
any one of these coefficients with the Reynolds number. For this purpose,
the mean lines drawn through the data shown in Figs. 13 through 20 have
been reproduced in Fig. 37. Similar plots for the inertia and the maximum
force coefficients are shown in Figs. 38 and 39 respectively. Also shown
in Figs. 37 through 39 are the constant Reynolds number lines obtained
through the use of K = Re/3- Evidently, there is a remarkable correlation
between the force coefficients, Reynolds number, and the Keulegan-Carpenter
number. The smoothness of the constant Reynolds number lines is another
indication of the consistency of the data from one cylinder to another.
Figures 37 through 39 show that C. , C
m
, and Cp(mes) do not vary
appreciably with Re for Re smaller than about 20,000 and help to explain
the conclusions previously reached by Keulegan and Carpenter [6] and
Sarpkaya [7]. These figures also show that the drag, inertia, and the
maximum force coefficients would have appeared to have had considerable
scatter when plotted with respect to K had their variation with Re been
ignored. Same could be said for a plot with respect to Re in which the
dependence of the coefficients on K is ignored.
Figure 37 shows that there appears to be a second maximum in the drag
coefficient for small values of Re and K (see for example 3 = 1985 line).
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The presence of such a second maximum has previously been noted by Thiriot
et al. [10] as discussed earlier. Figure 37 also shows that the drag
coefficient goes through a minimum and then increases with increasing K
for large values of 6 (see 3 = 8370 line).
The data similar to those given in Figs. 37 and 38 are also plotted as
a function of the Reynolds number for constant values of K in Figs. 40 and
41. These figures dramatically show that C. decreases with increasing Re
to a value of about 0.5 (dependent on K) and then begins to increase slowly
with further increases in Re and reaches a value of about 0.62 at Re = 7 x 10"
A comparison of the variation of C, with Re for steady and harmonic
flows shows that the transition in C. in harmonic flow starts at lower
Reynolds numbers and spans over a larger range of Reynolds numbers. In fact,
it may be said that harmonic flow about a cylinder is in a continuous state
of transition. The said comparison also shows that C . for harmonic flow is
about twice that for steady flow at both the lower end of the Re values
(say Re = 10,000) and at the Reynolds numbers at which the drag coefficients
go through their corresponding minimum values.
The inertia coefficient C increases with increasing Re, reaches a
m 3
maximum, and then gradually approaches a value of about 1.75. It will be
recalled that the Keulegan-Carpenter data indicated an opposite trend. It
is believed that the Keulegan-Carpenter data for C
m
are not quite reliable
for K > 15.
The foregoing discussion of the force coefficients raises several
questions which may be explained only partially on the basis of the
observations with steady flows. Some of these questions are: why does the
transition begin sooner and span over a larger range of Reynolds numbers;
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why does the added mass coefficient C . (C =C -1), become neqative for
a a m 3
certain values of K and Re (see Fig. 41); is there a unique relationship
between C and C,; etc. It is a well-known fact that the occurrence of
drag crisis in steady flow about a cylinder depends on the length and
scale of turbulence in the ambient flow, blockage and the legth-to-diameter
ratio of the cylinder, the vibration amplitude and frequency of the test
body, surface roughness, and on other particularities of the wind- or water-
tunnel in which the experiments are performed. In fact, it is for this
reason that the minimum value of the drag coefficient in steady flow is
widely scattered. Since the formation of laminar separation bubbles are
largely responsible for the low values of C ., one could state that the
formation and the extent of the separation bubbles are very sensitive to
the factors cited above. A priori, one would expect the same to occur in
harmonic flow about a cylinder. During a given cycle, the flow at both
sides of the cylinder contains a number of vortices and large scale
turbulence. Thus, it is natural to assume that they would give rise to a
larger time-averaged drag coefficient and to earlier transition.
The effect of the growth and motion of vortices on the increase of the
drag coefficient relative to that for the steady flow needs further discussion,
It has been shown that [22] the variation of the characteristics of vortices
in the neighborhood of a cylinder strongly affects the lift, drag, and the
inertia coefficients. It has also been shown by Sarpkaya [23] that the
drag in the initial stages of an impulsively started flow about a circular
cylinder can exceed its steady value by as much as 30%. These findings are
relevant to the present study in a qualitative sense. During the periods of
high acceleration in harmonic flow, vorticity is slow to diffuse and therefore
accumulates rapidly in the close vicinity of the cylinder. Although the
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growing vortex soon reaches unstable proportions and separates from its
shear layer, the growth of the vortices are so rapid that the vortices
become much larger than their quasi-steady-state size before they separate
from their shear layers. This would ordinarily lead to a larger drag force.
However, the maximum drag does not occur at the time of maximum acceleration
or maximum velocity. Evidently, at the initial stages of acceleration, the
vortices in the downstream side of the cylinder are not yet fully grown.
Furthermore, the convection of the vortices shed in the previous cycle
towards the cylinder help to reduce the pressure on the upstream side of
the cylinder and prevent the drag force from reaching large values. As the
velocity increases, the vortices on the upstream side move towards the top
and bottom of the cylinder and loose their influence on the pressure
distribution on the upstream face of the cylinder. The vortices on the
downstream side of the cylinder, now fully grown and ready to shed, give
rise to a large drag force. By the time the velocity reaches its maximum,
the vortices coming from the upstream side are fully carried away and
the vortices which are now shed from the downstream side of the cylinder
are further convected downstream partly by the action of the other vortices
existing in the flow and partly by the base flow itself. Thus, the drag
force begins to decrease by the time the velocity reaches its maximum.
The role played by the vortices becomes most pronounced on both the drag
and inertia coefficients if the duration of flow in one direction is not
too long (e.g. A/D =2). In this case, the variation of the drag and inertia
coefficients are further complicated by the locking of the vortices to the
cylinder and fractional eddy shedding as will be discussed later.
The number of vortices shed in each cycle and the intensity of
turbulence depend on the relative motion of the fluid and the Reynolds number.
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Furthermore, there are as many as four separation bubbles in a given cycle
during certain fractions of the cycle. Thus, in a given cycle the flow may
start in one direction as a subcritical flow with boundary layers separating
in a laminar state. As the flow speed or the instantaneous Reynolds number
increases, the flow may enter a critical state and give rise to separation
bubbles. However, the disturbances surrounding the cylinder (turbulence
and vortices) may easily and often locally disrupt the separation bubbles
(one or both). When this happens the flow may be affected over a considerable
length of the cylinder and the base pressure along the span is no longer
uniform. Such phenomena have been carefully noted by Bearman [24] in
connection with steady flows. If the flow continues in the same direction
with ever increasing instantaneous Reynolds numbers, the separation bubbles
may completely disappear and part of the boundary layer may become turbulent.
In other words, the flow enters a post-critical or transcritical state. The
foregoing discussion helps to show that the time-averaged drag and other
coefficients reflect only in a \/ery crude way the state of an extremely
complex time-dependent flow. For a given K and Re, the flow may be covering
both subcritical and critical states or subcritical, critical, and transcritical
states, or all of the states from subcritical to supercritical. The exteni;
of each state depends on both K and Re (for smooth cylinders). Evidently,
the transition starts at lower Reynolds numbers (anything that disturbs the
boundary layer gives rise to an earlier transition provided that the
Reynolds number is sufficiently high) and thus spans over a wider range of
Reynolds numbers. The transition must depend on both K and Re since these
two parameters in some way classify the events that occur in a given cycle.
The minimum value of C, in harmonic flow is larger than that in steady
flow and varies more gently around the 4tf* Reynolds numbers at which it
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occurs. Its magnitude is explainable partly in terms of the formation,
growth, and decay of vortices and partly in terms of the overall turbulence.
Altogether these disturbances serve as a triggering agent such as the
artificial roughness on a smooth cylinder in steady flow. The gradual
variation of C . with Re in the neigborhood of Re = 300,000 is understandable
if we consider the fact that C. is only a time-invariant average and that it
reflects an integrated average of the various states of flow occurring in a
given cycle. Lastly, the scatter in C. in the drag-crisis region appears
to be less than that encountered in steady flow due to the already stated
fact that C. in harmonic flow is an averaged value over a cycle.
The foregoing serves to partly explain how much more complex the flow
is about a vertical pile subjected to ocean waves. With waves, assuming
that they are unidirectional and there are no currents, the fluid has both
a horizontal and vertical velocity component, the Keulegan-Carpenter number
and the Reynolds number increase towards the free surface, and the flow
varies from subcritical to supercritical state in a given cycle not only at
a given depth but also along the pile. Furthermore, the flow at a given
depth is not identical to plane harmonic flow at the same K and Re because
of the influence of the prevailing flow states at the lower and higher
depths and because of the vertical component of velocity. Furthermore, it
is apparent that the differences between the wave flow and harmonic flow
depend on the depth at which the measurements are made. The flow is more
likely to behave like harmonic flow where the wave characteristics along
the pile vary very slowly (at greater depths). If the foregoing is combined
with free-surface effects, diffraction and aperiodic nature of the waves,
and the effect of currents, one begins to understand the reasons for the
scatter in the field data and cannot help but wonder why the drag and
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and inertia coefficients obtained with harmonic flows work as well as they
do in the design of the offshore structures.
It has previously been noted that the inertia coefficient shown in
Fig. 41 may, for certain values of Re and K, be smaller than unity or the
added mass coefficient may become negative. There is nothing mathematically
or phenomenologically profound about it. The added mass coefficient,
according to one definition, is a measure of the additional force needed
to accelerate or decelerate the fluid particles exterior to the body
undergoing a time-dependent motion. The time-average of this force in
harmonic flow may simply become negative. According to another definition,
the added mass is a measure of the mass drifted along the direction of flow
[25]. The magnitude and relative direction of such a drift vary with time
in a given cycle in harmonic flow and its average may be in a direction
opposite to the direction of positive acceleration. Thus, a negative
time-averaged added mass coefficient for certain ranges of K and Re means
that the total drift mass during the period of flow deceleration is larger
than that during the period of acceleration.
The relationship between C and C. has been of special concern [26]
and will be re-examined here. A plot of C
m
versus C^ shows that there is
not a unique relationship between them, independent of K and Re. The said
relationship may be shown to depend either on K or Re (see Fig. 42). A
similar plot may be prepared by maintaining Re constant at suitably selected
values and plotting C versus C^ corresponding to the same value of K.
The maximum force coefficient (see Fig. 39) shows that in the drag
dominated region of the flow the constant 3 lines are yery similar to those
shown in Fig. 37 for the drag coefficient. In the inertia dominated region,
the maximum force coefficient is nearly independent of Re and increases with
decreasing K.
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All of the coefficients plotted in the figures cited above have been
obtained with the Fourier analysis. A careful examination of the similar
coefficients obtained through the use of the least-squares and modified
least-squares methods have shown that they do not differ more than one or
two percent from those obtained with the Fourier analysis. In fact, the
inertia coefficients obtained with the Fourier analysis and the method of
least squares are exactly the same, as noted earlier. For this reason and
partly for sake of brevity, the coefficients obtained with other methods
have not been plotted.
The error parameters X and a are tabulated in Appendix-A. In general,
they show that the correspondence between the measured and calculated forces
is very good except for K values in the neighborhood of 12. This may be
partly due to the oscillations induced by the shedding of vortices in the
in-line force. This important point will be taken up again following the
discussion of the transverse force.
No attempt was made to plot the error parameters as a function of Re
and/or K to establish relationships similar to those done for the force
coefficients. Evidently, the inclusion of additional terms in the Morison
equation to account for the lift-induced oscillations in the in-line force
can improve the correspondence between the measured and calculated forces
in the neighborhood of K = 12. Even without such an improvement, it appears
that the Morison equation represents the measured force fairly accurately.
B. TRANSVERSE FORCE COEFFICIENTS FOR SMOOTH CYLINDERS
Vortex shedding and the resulting alternating force in steady flow have
been studied extensively. In spite of the considerable interest, however,
the transverse force or the lift force in harmonic flows received very little
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attention. Recently, it became clear from the observations of the oscillations
of long piles and strumming of cables that the lift forces are important not
only because of their magnitude but also because of their alternating nature,
which under certain circumstances may lead to the phenomenon known as the
lock-in or vortex synchronization. This phenomenon may cause failure due to
fatigue and increased in-line force. Obviously, the total instantaneous
force acting on the structure is increased by the lift force and modified
by the oscillations of the body. This increase refers to the vectorial sum
of the in-line and transverse forces and not to the aforementioned oscillations
in the in-line force due to vortex shedding.
Some of the previous studies include those carried out by Chang [27],
Bidde [28], Wiegel and Delmonte [29], Mercier [13], and Sarpkaya [7, 30].
Bidde [28] dealt primarily with the ratio of the transverse force to in-line
force in wavy flows and concluded that the lift force behaviour is primarily
dependent on K rather than Re and that the predominant lift frequency is
twice the wave frequency. Bidde 's data are difficult to interpret because
of the fact that the Reynolds number and the Keulegan-Carpenter number were
calculated in terms of some average values, that the force measured was the
total force on the complete length of the pile, and that the submerged end
of the vertical cylinder was completely free to generate a complex three-
dimensional flow and influence the vortex shedding.
Wiegel and Delmonte [29] extended Bidde's work and used the Keulegan-
Carpenter number based on the wave-surface kinematics. They have in general
confirmed Bidde's conclusions except for the fact that the lift frequency
was irregular and varied from about 1.3 to 6 times the wave frequency.
Sarpkaya [7] measured the transverse force on cylinders in plane
harmonic flow at relatively low Reynolds numbers and found that the maximum
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lift coefficient is primarily a function of K and that it can acquire large
magnitudes near K = 15. This work was subsequently extended to cylinders
in the vicinity of a plane wall [30].
Isaacson [11] measured the lift force on vertical cylinders in wavy
flows within a Keulegan-Carpenter number range of about to 25 for
intermediate depth waves. The Reynolds number range covered was from about
100 to 5000. Isaacson concluded on the basis of his and others' work that
lift is dependent both on Re and K and that the dependence of lift on K is
considerably stronger and tends to obscure the weaker dependence on Re.
He also argued that for higher ranges of K the predominant lift frequency
must increase with K. Isaacson's dissertation [11] contains a great deal
of discussion of the lift force which the reader may find both interesting
and useful in perusing the data presented herein.
Some of the data obtained in the present study with smooth cylinders
are plotted in Figs. 43 through 49 in terms of C (max) and K for constant
values of 3> (see also Appendix-B). The random nature of the lift force is
evident from the scatter in the data. Nevertheless, the variation of C. (max)
with K is unambiguous and permits one to draw mean lines through the data
as shown in Fig. 50. Evidently, C, (max) reaches its maximum value in the
neighborhood of K = 12 and decreases rapidly with increasing K. Furthermore,
C. (max) decreases, for all values of K, with increasing 0.
The minimum value of K at which lift or the asymmetry in the vortices
develop is, by the wery nature of vortices, extremely sensitive to the
experimental conditions. Our observations show that the onset of lift
depends not only on K and Re but also on noise and vibrations external to the
tunnel. In certain runs, lift will first disappear for long periods of time
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when K drops to about 6 and then will reappear, for no apparent reason, for
one or two cycles and then disappear again. Suffice it to say that the
asymmetry may be assumed to begin in the range of K values from 4 to 6.
Attempts to further narrow down this range of K require a statistical
approach. The concept used here is similar to that used in the determination
of the intermittency factor and the critical Reynolds number in pipe flows.
Evidently, it is not the highest value of K at which the symmetry of the
vortices can be maintained with extensive care but the lowest value of K
below which asymmetry cannot be initiated in spite of the magnitude of
external disturbances. A careful analysis of all the lift traces have
shown that there is a 90% chance that the asymmetry will occur at K = 5.
At K = 4, there is only a 5% chance that the asymmetry will appear for
yery short periods of time. It should be noted in passing that the
determination of the lowest value of K for the onset of asymmetry is of more
than academic interest not only in connection with ocean structures but also
with bodies of revolution flying at high angles of attack.
All of the transfer force data for smooth cylinders are summarized in
Fig. 51 in terms of C. (max) and Re for constant values of K. This figure
may be divided into three regions as far as the dependence of C. (max) on K
and Re is concerned. For Re smaller than about 20,000, C. (max) depends
primarily on K as previously shown by Sarpkaya [7]. In the Reynolds number
range from about 20,000 to 100,000, C. (max) depends, to varying degrees,
both on Re and K. Above a Reynolds number of about 100,000, the dependence
of C. (max) on Re and K is quite negligible and certainly obscured by the
scatter in the data (see Figs. 43-49). However, the magnitude of C. (max)
relative to Cf (mes) is not negligible. For very large values of Re and K ,
C. (max)/Cf (mes) approaches 0.20 .
59
The r.m.s. values of the transverse force exhibit the same functional
dependence as the peak values. The plots of the r.m.s. values are not
reproduced here for sake of brevity but may be plotted by the reader using
the data presented in Appendix-B.
Aside from its magnitude, the most important feature of the transverse
force is its frequency of oscillation. For this reason the frequency ratio
f (the ratio of the frequency of the alternating force f to the frequency
of oscillation f of the water in the tunnel) has been evaluated for each
run, rounded to the nearest whole number, and tabulated in Appendix-B





so obtained have been plotted in various ways such as f versus K, f versus
Re, etc. It became clear that the only plot through which meaningful
conclusions may be reached is the one shown in Fig. 52. Individual data
points are not shown since they may be found in Appendix-B. In Fig. 52,
a point on each line represents the maximum value of K for a given Re and
f . In other words, a line such as f < 4 means that the alternating force
does not contain frequencies larger than f
r
= 4 for K and Re values in the
region to the left of the line. Intermediate values of f such as f = 3, 5,
etc. are not shown to keep the figure relatively simple.
Several facts are of special importance and will be discussed in detail.
Firstly, Fig. 52 begins with K = 5. As noted earlier, there is an occasional
vortex shedding for K values between 4 and 5. Secondly, each f = N line
does not represent an absolute line of demarcation between the frequencies
N-l and N+l
.
Occasionally, a frequency of N+l will occur on the N-l side
of the N line, and vice versa. A plot of the tabulated data will bear out
this fact. Fourthly, the frequency of vortex shedding is not a pure multiple
of the flow oscillation frequency (see Figs. 53 and 54). At first this
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would appear anomalous but a closer examination of the behaviour of the
vortices shows that a fractional value of f is perfectly understandable.
Evidently, f , as an integer, is a measure of the number of vortices actually
shed during a cycle. However, all of the vortices are not fully developed
or completely shed. Leaving aside, for the purpose of this work, the
detailed discussion of what is meant by shedding, let us simply adopt the
definition that those vortices which do not break away from their shear
layers before the flow is reversed are partially developed and result in
incomplete vortex shedding. Thus, the fractional part of f indicates an
incomplete shedding. The occasional shedding of one of these not-fully-grown
vortices gives rise to an observation noted earlier, i.e., for a transverse
force condition where the fractional part of f is fairly large (say f =
3.45), the vortex will shed, for one reason or another, and yield an f
value of 4 for a set of Re and K values for which f is normally equal to 3.
This becomes particularly true for f in the neighborhood of 3 and also for
large values of K and Re where the oscillations of the transverse force
become quite irregular. The significance of the foregoing relative to the
in-line force will be taken up separately.
Flow visualization with hydrogen bubbles has revealed a related
phenomenon, namely, the single eddy shedding or non-alternating vortex
shedding at a preferred location. The numerous photographs are not
reproduced here but will be discussed in general terms. The vortices are
not always shed alternatingly from the top and bottom of the cylinder.
For small values of K, two vortices begin to develop at the start of the
cycle in one direction but the vortices do not acquire the same strength
due to various reasons. As the flow reverses, the larger of the vortices
is swept past the cylinder but the weaker one dissappears partly due to
turbulent diffusion of vorticity and partly due to laminar diffusion which
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is proportional to exp(-e). The consequences of this single shedding are
that the in-line force becomes asymmetrical (see Fig. 55 where F(e) ^-F(8+tt))
and the vortex which is swept away plays an important role in the formation
of new vortices when the flow reverses its direction once again. In other
words, the dominant vortex establishes, by its sense of rotation, a preferred
location for the generation of a new dominant vortex. Such vortices remain
close to the cylinder and give rise to larger lift forces not only because
of their proximity to the cylinder but also because of their apparently
larger strength (accumulation of vorticity). It has been shown by Sarpkaya
[31] that in an impulsively started flow the weakest and the strongest
vortices form at the start of the motion and that the strength of the
dominant vortex is considerably larger than that of a vortex shed in the
later stages of the motion. A similar phenomenon seems to be occurring in
harmonic flow. Isaacson [11] and Namork [32] noted observations similar
to those cited above. A computer simulation of the single vortex shedding
through the use of the discrete vortices is presented in Appendix-C. The
details of the analysis will not be presented here. A description of the
method and its application to the flow past an inclined plate may be found
in [31].
The Strouhal number defined as St = f D/U = f /K is tabulated in
Appendix-B together with the lift coefficients and f . Several facts
become apparent from the perusal of this data and of their plotting with
* The author is grateful to Dr. M. M. Zdravkovich of the University of
Salford for bringing this work (done under his direction) to his attention.
62
respect to K or Re (see Figs. 56a and b). Firstly, the Strouhal number
does not remain constant at 0.2 as in steady flow for the Reynolds numbers
under consideration. Secondly, St depends on both K and Re. Similar
conclusions may be reached by calculating f /K along each line shown in
Fig. 52. However, for Re smaller than about 50,000 and f larger than
r
about 3, the upper limit of the Strouhal number is about 0.2 (in Fig. 52,
one has f
p
/K = 4/21, 6/30, 8/40, 10/52, 15/82, etc. at the lower end of
each f line). Ranee [33] claimed that St remained nearly constant at 0.2
and showed no variation with either K or Re . Finally, it is noted that
at large values of Re the Strouhal number increases to about 0.3. This is
consistent with the measurements made in steady flow at transcritical and
supercritical Reynolds numbers [34].
C. COMMENTS ON MORISON'S EQUATION
The occurrence of relatively large lift forces, single vortex shedding,
asymmetry in the in-line force, and the negative added-mass coefficient, all
in the range of K values from 10 to 20, are directly related to the occurrence
of relatively larger differences between the measured and calculated forces
in the same range of K values. Thus, it is only natural that not only the
limitations of the Mori son's equation but also the reasons for them be
discussed in some detail.
It should be stated at the onset that it is rather surprizing that
Mori son's equation holds as well as it does even in a range of K values
where the vortex shedding is most sensitive to external disturbances.
* Ranee's definition of Re is based on the velocity prevailing at the
instant at which the maximum force occurred. He used only the maximum forces
to determine C , by assuming C =2.
d m
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It appears that the mechanism responsible for the larger differences
between the measured and calculated forces in the neighborhood of K = 15
is the vortex- or lift-induced oscillations in the in-line force .
In the disturbance-sensitive region of vortex formation the onset of
asymmetry and the subsequent growth and shedding of single or alternating
vortices have profound effects not only on the measured in-line force but
also on the coefficients calculated. Morison's equation assumes that the
in-line force F is an odd harmonic function, i.e., F(e) = - F(e+Tr), for a
flow represented by U = -U cose. Furthermore, the Fourier-averaged
coefficients are derived on the basis of this assumption. Thus, the drag
and inertia coefficients calculated through the use of an in-line force
trace for which F(e) f -F(6+tt) are not quite correct. Furthermore, they
are not equal to the corresponding coefficients which could have been
calculated by considering only part of the measured in-line force in the
range 0<e<Trorir<9<2ir and assuming the remaining half to be its
odd harmonic or mirror image shifted by T/2 or ir. Evidently, had one
used only that portion of the measured force for which the maximum value
of |F| is larger, and assumed the remaining portion to be given by its
mirror image in calculating the force coefficients, one would obtain
better agreement between the measured and calculated forces. Thus, it is
clear that part of the reason for the larger differences between the
measured and calculated forces is due to the use of the force-coefficient
expressions which are derived by assuming the in-line force to be given
by an odd harmonic function. In the range of K values from about 10 to
20, particularly for relatively low values of Re, this assumption is not
quite correct as evidenced by the experiments (see Fig. 55).
The reason for the asymmetry in the magnitude of the in-line force
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and differences between the measured and calculated forces is primarily
the fractional shedding of vortices and vortex-induced oscillations in the
in-line force. It is a well-known fact that in steady flow the vortex
shedding causes a gradient of fluctuating pressure across the body. This,
in turn, gives rise to periodic force fluctuations in the in-line direction
on bodies with curvature or on plane surfaces not parallel to the ambient
flow. These fluctuations have twice the lift frequency and can cause an as
much as 40% fluctuation in the mean drag coefficient with somewhat lower
values occurring in the supercritical range. Evidently, the physical
movement of a pile in the in-line and/or transverse direction can significantly
change the mean as well as the oscillating component of the force. Leaving
aside this possibility, the instantaneous value of the 'steady drag 1 coeffi-
cient may be written as
C . = C\ + n C, sin(27rf t +<j>) (31)
d d L v
T
in which C is the lift coefficient appropriate to the particular Reynolds
number and nC represents the amplitude of the drag oscillations. Note that
there is a phase angle, even in steady flow, between the occurrences of
maximum lift and the maximum fluctuation in the drag force.
In harmonic flow, the fully grown vortices move back and forth about
the cylinder and do not necessarily shed alternatingly. Thus, it is quite
possible that the oscillations in the in-line force due to eddy shedding
are relatively larger than those in steady flow. The magnitude of these
oscillations may be expressed in a manner similar to that suggested above
for the steady flow. Thus, we have
2 AF = nC,pLDU
2
cos(2Trf t/T - <j>) ( 32 )
L m r
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Evidently, one can consider the additional harmonics of the lift force by
summing the above expression over all harmonics. This is not necessary
at this stage of the discussion. As to the value of f to be used, it
should be remembered that it is the fractional shedding of vortices that
gives rise to the largest asymmetry in the in-line force. Thus, f should
be taken equal to 3, 5, 7, etc. It turns out that f varies from 2 to 3
r
in the range of K values from 10 to 20 with considerable fractional shedding
*
and this is the region where X is largest. Thus, it is sufficient to
consider only the correction due to f =3. Morison's equation may then
be written as









in which C and C, are assumed to be the usual Fourier averages, calculated
m d
using the actual in-line force data. For smooth cylinders C. is Reynolds
number dependent and varies from unity to 3 in the range of K from 10 to 20.
Sample calculations through the use of the appropriate values of C, and $
with n = 0.2 have shown that the above correction considerably reduces the
difference between the measured and calculated in-line forces and phase
angles. These calculations will not be reproduced here for their purpose
was simply to demonstrate that the eddy-induced in-line oscillations can
account for most of the error in the predictions of the Morison's equation
in the range of K values from 10 to 20. Even without such a correction,
Morison's equation predicts remarkably well the measured force provided
that the kinematics of the flow field is known accurately.
It is noted in passing that the 'remainder function' introduced by
Keulegan and Carpenter [6] is another means of correcting the predictions
of the Morison's equation. It is not, however, related to vortex shedding
in the manner described above.
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D. IN-LINE FORCE COEFFICIENTS FOR ROUGH CYLINDERS
Experiments with artificially-roughened cylinders are an order of
magnitude more complex and time consuming than those with smooth cylinders
partly because of the number of cylinder-roughness combinations to be
tested at various temperatures and partly because of the increase in the
number of governing parameters.
The governing parameters for the smooth-cylinder results have been
taken as K and e or Re and the in-line force coefficients have been
expressed in terms of some time-invariant averages. With rough cylinders,
one or more additional parameters are needed to express the effect of
roughness. Ordinarily, the average roughness height k is taken as the
additional independent variable and normalized with respect to the diameter
of the cylinder. Such a simple procedure particularly for a flow as complex
as the one discussed herein raises the question as to what is meant by
roughness. The question is further complicated by the increase of the
diameter. One may, for example, ask: What is the effective diameter
and the effective roughness of a 3 ft diameter pile on which there is a
6 inch marine growth? Evidently, one would like to devise roughness
parameters with which model laws or the similarity of roughness can be
established. This cannot be done with a parameter k/D alone without taking
into consideration the packing, size distribution, and shape of the grains
used to obtain the roughness. To overcome some of these problems and to
simplify the experiments, one can attempt to define an equivalent roughness
height k as in Schlichting [8]. Such a definition may be perfectly
useful for steady flow in channels and pipes but it may not be the solution
for the unsteady flow over a cylinder where the characteristics of the
boundary layer are changing along the cylinder and at a point with time.
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In this case, one may need to express a roughness-length parameter based
on the boundary layer characteristics in an effort to characterize the
overall roughness geometry. It is evident that one-parameter characteri-
zation of roughness is quite limited. However, the experiments necessary
to obtain one or two equivalent roughness parameters are extremely time
consuming. Leaving aside, for the time being, the investigation of the
roughness characterization in time-dependent flows, we will, in the
present investigation, use the roughness height k as the characteristic
length.
All cylinders have been carefully coated with roughness elements
and inspected with a microscope to determine the height of the grains
above the epoxy surface. Furthermore, photographs of the rough surface
were taken with a camera attached to the microscope in order to compare
the packing of the grains from one surface to another. Such photographs
have shown that the grains were fairly uniformly distributed and closely
packed. It is hoped that such qualitative descriptions of the rough
surface will, with further research, be transformed into quantitative
parameters.
Fully aware of the limitations of the use of one-parameter roughness







, etc..) = f.(Re, K, k/D) (34)
or
= f.(B , K, k/D)
The complexity of the experiments with rough cylinders now become
clearer. If we assume that one would like to see the effect of a given
relative roughness on C
d
as the Reynolds number is increased say from
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10,000 to 500,000, one has to maintain K constant. Alternatively, one
can carry out the experiments with a given cylinder and roughness element
for all values of K at a given water temperature. Then increase the
temperature, repeat the experiments, and raise temperature again. Such a
procedure yields an as much as 100% increase in the Reynolds number but
it is not sufficient to cover the entire range of the Reynolds numbers.
This difficulty is overcome by using other cylinders with the same relative
roughness. Then the entire set of experiments are repeated with a different
relative roughness. This procedure, however time consuming, is still
preferable to oscillating a cylinder of a given relative roughness at various
amplitudes and frequencies because of the difficulties encountered with
severe vibrations.
The volume of the data obtained in the manner just described does not
lend itself to simple reporting. A decision has been made to report only
the data for a given cylinder and relative roughness and the summary of
the entire data for only one Keulegan-Carpenter number. This procedure
will prove to be sufficient to show the role played by roughness in harmonic
flow.
Figures 57 and 58 show the variations of C^ and C
m
with K for a given
value of $ and k/D. Also shown in these figures are the mean of the same
coefficients for the smooth cylinder with identical 3 values. The effect of
roughness is quite clear. For large values of K, the drag coefficient for
the rough cylinder is larger than that for the smooth cylinder and does not
vary appreciably with K. The inertia coefficient is considerably lower than
that for the smooth cylinder. It too does not appreciably vary with K for
sufficiently large values of K. It is through the use of such plots that






function of Re for K = 50 and k/D = 1/50, 1/180, 1/360, and 1/500. The
results do not appreciably depend on K for K larger than about 25.
Figures 59 and 60 show that the effect of roughness on the resistance
to harmonic motion is quite significant. The entire motion becomes relatively
more drag dependent. In other words, the phase angle between the occurrence
of the maximum force and the maximum velocity considerably decreases relative
to that for the smooth cylinder, at the same K and Re values (see Fig. 61).
As will be seen shortly, this also indicates larger lift forces.
Figure 59 shows the occurrence of an earlier transition for a given
roughness. In fact, for relatively small Reynolds numbers, the drag coeffi-
cient goes through a drag crisis and then following the transition of the
entire boundary layer to turbulence, both the drag and the inertia coeffi-
cients acquire nearly constant values.
Why does roughness increase the drag coefficient and decrease the
inertia coefficient? This is not an easy question to answer. One may look
into the behavior of steady flow over a rough cylinder with an awareness of
the additional complexities due to the unsteadiness of the harmonic flow.
Roughness in steady flows (see, e.g. Schlichting [8]) precipitates the
occurrence of drag crisis by causing earlier transition in the boundary
layers and gives rise to a minimum drag coefficient which is larger than
that obtained with a smooth cylinder. Following the disappearance of the
separation bubbles and the transition of the entire boundary layer to
turbulence, the separation points situate themselves in such a manner that
the drag coefficient rises to a new value of about 0.9 at supercritical
Reynolds numbers [8, 19, 34]. Thus the rise of the drag coefficient with
roughness in harmonic flow over a cylinder is not too surprising even though
there are no fixed separation points at supercritical Reynolds numbers.
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In harmonic flow the entire boundary layer cannot be turbulent at all times.
As K or the relative duration of flow in one direction increases, the
entire front half of the boundary layer may become turbulent for a period
of time spanning over the maximum velocity. This would preclude a turbulent
reattachment of the boundary layer as in the case of smooth cylinders where
the boundary layer is either not yet fully turbulent or turbulent only for
a wery brief period of time. This action will maintain the separation
point at a more-or-less fixed position for the time period during which
the boundary layer is turbulent. This, in turn, should give rise to an
in-line force trace which is considerably flatter at its maximum , with a
peak at about the time of maximum velocity, (see Fig. 61). The decrease
of the phase angle almost always leads to smaller inertia coefficients.
An alternative explanation of the decrease of the inertia coefficient is
that the increase in C. is nearly always accompanied by a decrease in the
inertia coefficient (see Fig. 42).
The reason for the experiments with rough cylinders is, of course,




and C . It is prompted essentially by an attempt at artificially increasing
the Reynolds number to supercritical regime by means of surface roughness.
Recent experiments [19, 35] with steady flow over rough cylinders have shown
that (a) a change in flow regime takes place at a roughness Reynolds number
Vk/v of about 200 independently of the diametral Reynolds number; (b) a
correct surface roughness condition provokes supercritical flow for Vk/v >
200, (the condition that must be respected is k/D < 0.0022); (c) a smooth
cylinder is not a special case but behaves as if it had a roughness of k/D =
_5
3.5 x 10 ; and that (d) the apparent diametral Reynolds number is increased
_5
by a factor of k/3.5 x 10 D for a cylinder of diameter D and surface
roughness k. The importance of these conclusions is self evident for
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supercritical Reynolds number simulation for flow about circular cylinders.
In order to carry over these ideas to harmonic flow about rough cylinders,
the data given in Fig. 59 were replotted in Fig. 62 as a function of U k/v
for various values of k/D. A similar plot for C has been prepared but
will not be presented here. Also shown in Fig. 62 are the mean lines
corresponding to steady flow data as compiled by Szechenyi [35]. Figure 62
shows that a change in the flow regime takes place at a roughness Reynolds
number of about 130 and that the drag coefficient approaches values between
0.9 and 1.0 for k/D smaller than about 0.002. Evidently, the change in
the flow regime occurs at higher values of U k/v with increasing k/D. Of
special interest for simulation purposes, however, is the smaller relative
roughnesses.
The magnitude of the apparent increase in the diametral Reynolds number
can be estimated by fitting the curve obtained for smooth cylinders for
K = 50 onto the rough cylinder results shown in Fig. 62. Working back
from the resulting values of U
m
k/v on the abscissa, this procedure gives
an effective relative roughness between 0.0004 and 0.0006 for the 'smooth
cylinder'. In other words, the presence of surface roughness (for K larger
than about 25 and k/D smaller than about 0.003) is roughly equivalent to an
-4
increase in the diametral Reynolds number by a factor k/5 x 10 D for a
cylinder of diameter D and surface roughness size of k. Further exploration
of these ideas will be extremely useful in model tests and in the simulation
of supercritical Reynolds numbers.
E. TRANSVERSE FORCE COEFFICIENTS FOR ROUGH CYLINDERS
The representative data for C (max) are presented in Figs. 63 through
68 as a function of K for various values of k/D and 3. At first it would
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appear that these data cannot be related to each other because of the
variation of k/D and 3. A closer examination of these figures reveals
the wery interesting fact that C. (max) does not vary with either k/D or 3.
If there is some variation with these parameters, it is certainly masked
by the scatter in the data. In fact, by plotting the entire data on one
graph (see Fig. 69), one observes that the difference in C. (max) from one
3 or k/D to another 3 or k/D for a given K is no more than the scatter of
C (max) in any one plot for the same K. Furthermore, in comparing Figs. 63
through 68 with Fig. 50, one observes that a mean curve drawn through the
entire rough cylinder C. (max) data nearly coincide with the maximum of the
smooth cylinder data. In other words, C. (max) for rough cylinders is
independent of Reynolds number for the roughness ratios larger than about
0.002 and is nearly identical to those for the smooth cylinder at relatively
low Reynolds numbers. Thus, it may be concluded that C (max) for rough
cylinders depends only on K (within the range of the parameters used) and
constitutes the upper limit of the transverse force data for smooth cylinders.
A similar conclusion may be tentatively arrived at for the drag and inertia
coefficients by comparing Figs. 40 with 59 and 41 with 60. In other words,
the drag and inertia coefficients for rough cylinders approach those obtained
with smooth cylinders at relatively low Reynolds numbers. This is perhaps
why the smooth cylinder drag data form the upper envelope and the inertia
coefficient the lower envelope to the corresponding data obtained in the ocean*
as noted by Wiegel [1].
The frequency of vortex shedding and the Strouhal number have been
examined in a manner similar to that for the smooth cylinder. The results
have shown that not only C. (max) but also f is independent of Reynolds
number within the range of parameters encountered. In other words, the
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constant f lines for K > 15 are vertical lines in a plot of Re versus K.
These lines have satisfied the relationship of f
f
/K = St = 0.22 +0.02 for
K larger than about 15. A plot of Re versus f /K for smooth cylinders
could not have reduced to such a single line.
The minimum value of K at which the onset of asymmetry was observed
was slightly lower than that for the smooth cylinder. At high Reynolds
numbers there is a 90% chance that the asymmetry will develop at K = 4.6.
The Strouhal number between K = 5 and K = 15 varied from 0.45 to 0.15
and there was considerable single shedding of vortices. At about K = 15,
the Strouhal number jumped from 0.15 to 0.27 and then decreased quickly to
0.22 at K = 20, (see Fig. 70). The jump for all rough cylinders occurred
between K = 12 and 15 regardless of the Reynolds number or 3- It is
evident that the facts noted above greatly simplify the experimentation
with rough cylinders.
The power of prediction of the Mori son's equation for harmonic flow
over rough cylinders has been examined in a manner similar to that for the
smooth cylinders. The comparison of the measured and calculated in-line
forces for all values of K, Re, and k/D has shown that Morison's equation
predicts the measured force through the use of the Fourier-averaged
coefficients with an accuracy equal or better than that for the smooth
cylinders.
Finally, as regards physical applications of the foregoing data, the
following points need mention:
a. The drag and inertia coefficients have been obtained only for
harmonic flow over smooth and rough cylinders. Factors such as wave
nonlinearity, variation of the characteristics of waves with depth,
free-surface effects, flexibility of piles, currents superposed on waves,
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proximity effects of adjacent piles, etc. have not been considered.
Some or all of these factors may be important in the design of structures
in the real ocean environment.
b. The ratio of the transverse force to in-line force is not negligibly
small. At high Reynolds numbers, it has a value of about 0.2 for smooth
cylinders. For rough cylinders, it varies from about 0.15 to 0.25 with
decreasing roughness. Consequently, the transverse force should be taken
into consideration in calculating the total force acting on the pile.
c. Roughness increases not only the in-line force on a cylinder of
given diameter but also the effective diameter of the cylinder. In oceans
where such roughness is likely to accumulate, the effective diameter and
the effect of apparent roughness on the in-line and transverse forces should
be carefully considered. In this regard, it would be difficult to predict
the practical limitations of the data presented herein, and the matter is
best left to be settled by carrying out experiments in the field.
d. It appears from the foregoing that a pile designed with a safety
factor of 2 using C J = 0.6 and C =1.5 with no regard to roughness and the3 d m a
transverse forces may not in fact enjoy that safety partly because of the
effect of transverse forces, partly because of the effects of roughness and
increased diameter, and partly because of the probable fatigue of the
structure.
V. CONCLUSIONS
The results presented herein warrant the following conclusions:
a. For smooth cylinders, the drag, lift, and the inertia coefficients
depend on both the Reynolds number and the Keulegan-Carpenter number;
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b. For rough cylinders, the same coefficients become independent
of the Reynolds number about a critical value and depend only on the
Keulegan-Carpenter number and the relative roughness;
c. Correct artificial roughness may be used to provoke and simulate
supercritical flow in model tests in steady as well as oscillatory flows;
d. For both smooth and rough cylinders, the relationship between the
drag and inertia coefficients is not unique and depends on the particular
value of the Keulegan-Carpenter number;
e. The transverse force is a significant fraction of the total resistance
and must be considered in the design of structures;
f. The Strouhal number for smooth cylinders varies with the Reynolds
and Keulegan-Carpenter numbers. For rough cylinders, it is essentially
constant;
g. The results reported herein and the conclusions arrived at are
applicable only to cylinders in harmonic flow with zero mean velocity.
The force coefficients for harmonic flow with a mean velocity superposed
on it may differ significantly from those reported herein;
h. It is hoped that the data presented will accentuate the need for
actual full scale experiments and enable those concerned to interpret and
better understand the factors affecting the force-transfer coefficients
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Fig. 10 Assembled force transducer
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Fig. 11 In-line force and acceleration traces
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SPECIAL COMMENTS ABOUT FIG. 55.
The computer output for the data plotted in Fig. 55 is presented























Amplitude at the test section in feet
Period of oscillations in seconds
Maximum velocity in the cycle, U in ft/ sec.
Time/ period
Normalized measured force
Normalized calculated force with the Fourier-averaged
drag and inertia coefficients.
(|F| - | Fl | )/ | FMAX
|
Normalized maximum force in the cycle.
Normalized calculated force with the Least-squares
averaged drag and inertia coefficients.
(|F| - | FLS




Keulegan-Carpenter number, K, U T/D.
_3
Reynolds number x 10
Least-squares averaged inertia coefficient.
Least-squares averaged drag coefficient.
Normalized semi-peak-to-peak maximum force coefficient.
Root-mean-square, normalized force coefficient calculated
through the use of Eq. (13).
Normalized maximum force coefficient, Cf (mes).
Normalized root-mean-square force coefficient calculated
through the use of Eq. (14).
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COMPUTER OUTPUT OF THE DATA PLOTTED IN Fig. 55
:)]'- ( .3315 AMP* 0.651) P t R = 5. 2720 UMX* 1.0150
T T M £ F Hi DhMF FLS RLS
0. 1 -1.5225 -1.4953 0.0158 -1 .4796 0.(12 50
0.0 19C -1.5157 -1.3910 0.i)72 5 -1 .3 754 0.03 16
u.0 3 79 -1.4207 -1.2471 0.1010 -1.2522 0. 1096
0,0569 -1.2579 -1.0683 0.1102 -1.0545 0.1163
C. 17 59 -1.0137 -0.8613 G.0881 -0.8489 0.0959
<•.<: 940 -0.7289 -0.6345 0.0549 -0.62 36 0.0612
0. 1136 -0.4575 -0.39 74 0.0349 -0.3384 0.3402
. 1 3 2 a -0. 199 8 -0.16C7 0.0 22 7 -0.1535 0.^-269
.15 17 0.0037 0.0651 -0.035 7 0.0 704 -0.0 388
0.170 7 0.20 72 0.2 394 -0. 3361 0.273" -0.0383




0.2086 0.5667 0.5 767 0.5 7 78 -0.00 65
0.22 76 0. 7363 0.6653 0.0413 0.66 56 0.0411
0.2466 0.64^8 0.7040 0.0819 0.7040 0.0819
0.26 56 0.9533 C.7146 0.1386 0.7145 . 1389
«'
.2345 1.0008 0.7539 0.1436 3.7532 0.1440
0.30 35 1.0212 0.8218 0.1159 0.8202 0.1169
0.3 2 25 1.0212 0.9 136 0.0626 0.9107 0.0 64 3
0. 3 414 1.02 12 1.022 8 -0.0 00 9 1 .018 3 0.0017
0.3 604 1.0619 1.1416 -0.0463 1 .1353 -0.0427
0.3 794 1.1229 1.2613 -J. 60
5
1.2532 -0.0 7 57
0.3.983 1.1568 1.3729 -0.1256 1.362 9 -0.1 198
C.4173 1.1365 1.4674 -0.1924 1 .4557 -0.1356
0.4363 1. 1365 1.5366 -0.2 32 7 1 .5236 -0.2251
0.455^ 1.2247 1.5738 -0.2030 1 .55 94 -0.1947
C .4742 1.3 60 3 1.57 33 -0.1239 1.55 81 -0.11 50
0.49 32 1.5299 1.5319 -0.0012 1.5162 0.00 80
0.5 121 1.6995 1.4483 0.146 1 1.4326 0.1552
0.5311 1.6995 1.3237 0.2185 1 .3*35 0.2274
3.5501 1. 49b0 1.1617 0.1944 1.14 7 3 0.2027
. 5 6 90 1.2247 0.96 79 0.149 3 0.9547 0.1570
0.56 80 0.^52 3 3.7**9H 0.1133 0.7381 0.1251
,607c 0.64 8 1 0.5166 0.0 76 5 0.50 66 0.0323
3.62 59 0. 3429 0.2 78 3 0.0375 0.270Z 0.0 422
0.6 449 0.0715 3.C458 . 1 5 0.0? 95 0.0186
132
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1. 8 = D /vT and cylinder diameter D, given on top of each page,
identify the data set;
2. K = U T/D is the Keulegan-Carpenter number;
3. C represents the inertia coefficient calculated through the use
m
of the Fourier analysis;
4. C . represents the drag coefficient calculated through the use of
the Fourier analysis;
5. C (mes) represents the maximum measured-force coefficient;
6. a represents a measure of goodness-of-fi t, see Eq, (17);
7. X represents the error coefficient, see Eq. (16);
8. All of the data given in Appendix A are for smooth cylinders.
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APPENDIX A - IN-LINE FORCE DATA FOR SMOOTH CYLINDERS
3 = 497 D = 1.991"











194.78 96.87 1.12 1.20 1.35 11 8
175.50 87.28 1.20 1.25 1.35 9
149.33 74.24 1.10 1.29 1.38 7
142.63 70.93 1.20 1.24 1.30 3 1
126.69 62.99 1.09 1.31 1.37 8
116.20 57.78 1.20 1.33 1.36 6 2
107.94 53.67 1.15 1.37 1.40 8 3
100.55 50.00 1.16 1.35 1.36 8 4
94.27 46.88 1.10 1.39 1.42 6 -1
38.70 44.11 1.15 1.36 1.42 9 2
84.04 41.79 1.12 1.39 1.47 3 -1
79.15 39.36 1.20 1.38 1.41 7 3
74.27 36.92 1.07 1.45 1.47 3
64.08 31.87 1.10 1.53 1.60 7 3
59.73 29.70 1.05 1.52 1.51 10 1
56.24 27.98 1.10 1.54 1.60 6
53.02 26.34 1.10 1.55 1.59 6 2
49.69 24.71 1.05 1.59 1.61 6
47.00 23.37 1.10 1.55 1.66 3 9
45.41 22.59 1.02 1.66 1.63 9 -1
42.95 21.36 1.17 1.64 1.69 8 3
40.41 20.10 1.00 1.63 1.72 7 2
38.44 19.12 1.05 1.68 1.73 9 1
36.47 18.14 1.00 1.70 1.80 9 9
34.35 17.09 1.03 1.74 1.80 9 3
32.50 16.16 1.01 1.63 1.80 8 2
30.37 15.10 0.98 1.73 1.92 8 8
28.82 14.33 0.94 1.79 1.90 10 8
27.42 13.63 0.96 1.85 1.95 14 12
25.83 12.85 0.90 1.71 1.96 9 4
24.47 12.18 0.92 1.86 1.87 11 6
171.11 85.08 1.10 1.17 1.39 8
153.65 76.41 1.17 1.25 1.31 6
135.1 67.18 1.12 1.24 1.40 5 1
119.0 59.20 1.08 1.30 1.34 5 2
94.3 46.9 1.15 1.35 1.42 7 1
85.4 42.5 1.17 1.39 1.43 8 3
73.9 36.8 1.16 1.42 1.45 6 1
65.5 32.6 1.13 1.44 1.46 6 1
58.6 29.1 1.15 1.56 1.57 10 3
51.9 25.8 1.15 1.51 1.55 8 2
46.1 22.9 1.07 1.62 1.65 9 -2
44.0 21.9 1.04 1.61 1.64 8 -1
40.5 20.2 1.10 1.61 1.70 9 2
37.6 18.7 1.06 1.65 1.79 12 -3
35.0 17.4 1.02 1.63 1.75 8 2












29.8 14.9 1.00 1.73 1.85 9 1
27.8 13.8 0.92 1.74 1.90 7 1
25.3 12.6 0.94 1.80 2.05 11 2
23.1 11.5 0.89 1.86 2.02 12 3
21.8 10.8 0.90 1.92 2.15 12 3
19.5 9.7 0.82 1.92 2.30 12 5
16.7 8.3 0.76 2.05 2.67 11 4
14.9 7.4 0.68 2.18 2.80 18 6
13.7 6.8 0.66 2.30 2.88 16 4
12.0 6.0 0.66 2.36 2.67 12 4
10.0 5.0 0.84 2.23 2.35 9 2
171.1 85.1 1.16 1.23 1.31 7 -2
139.8 69.5 1.15 1.30 1.40 7 -1
123.2 61.3 1.18 1.29 1.37 5
110.7 55.1 1.19 1.30 1.37 5
96.9 48.2 1.15 1.37 1.37 7 1
83.2 41.4 1.17 1.43 1.43 6 2
72.6 36.1 1.12 1.44 1.49 8 3
66.9 33.3 1.05 1.45 1.50 6 2
59.9 29.8 1.10 1.55 1.56 6 2
54.2 26.9 1.05 1.54 1.61 7 -3
51.1 25.4 1.09 1.50 1.53 7 -2
47.2 23.5 1.03 1.62 1.61 9 -4
43.3 21.5 1.00 1.65 1.72 11 -4
41.0 20.4 1.08 1.59 1.63 8 2
38.1 19.0 1.01 1.70 1.68 10 4
33.9 16.9 1.00 1.71 1.75 9 2
30.7 15.3 1.03 1.65 1.80 9 3
27.4 13.6 0.93 1.75 1.85 8 2
24.0 12.0 0.94 1.86 2.08 13 5
15.5 7.7 0.72 2.13 2.70 14 6
14.2 7.1 0.67 2.23 2.84 20 8
12.5 6.2 0.63 2.32 2.75 18 7
11.0 5.5 0.74 2.32 2.50 16 8
9.6 4.8 0.96 2.20 2.35 8 4
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144.2 113.1 1.31 1.08 1.15 10 2
123.5 96.8 1.30 1.12 1.18 13 3
65.1 51.1 1.24 1.27 1.29 7 5
43.7 34.2 1.20 1.38 1.47 11 -2
33.5 26.2 1.15 1.50 1.59 9 1
28.1 22.0 1.06 1.65 1.63 12 5
26.0 20.4 1.02 1.68 1.80 11 7
21.8 17.1 0.98 1.77 1.95 10 6
20.3 15.9 0.93 1.82 2.07 13 8
19.0 14.9 0.88 1.90 2.17 14 7
17.2 13.5 0.84 2.10 2.33 13 6
16.2 12.7 0.80 2.07 2.50 14 6
15.1 11.9 0.74 2.02 1.60 16 8
14.1 11.1 0.78 2.14 2.74 12 4
13.2 10.4 0.65 2.20 2.74 18 10
11.8 9.2 0.65 2.20 2.57 16 8
12.4 9.8 0.69 2.21 2.65 20 11
11.3 8.8 0.65 2.22 2.49 19 9
10.2 8.0 0.80 2.12 2.30 16 6
9.6 7.5 0.91 2.05 2.30 12 4
9.2 7.2 1.05 2.00 2.31 11 -3
8.6 6.7 1.30 1.95 2.32 8 -2
8.0 6.3 1.50 1.92 2.40 6 -1
7.6 6.0 1.60 1.85 2.50 4
97.7 76.6 1.30 1.15 1.22 7 2
71.6 56.1 1.26 1.21 1.27 9 3
56.7 44.5 1.25 1.31 1.32 9 3
46.4 36.4 1.23 1.36 1.42 7 -2
39.6 31.1 1.16 1.40 1.49 10 2
30.7 24.1 1.10 1.54 1.65 11 4
24.0 18.8 0.98 1.70 1.87 8 3
152
3 = 1107 D = 2.970"











85.91 95.09 1.39 1.00 1.03 14
76.46 84.62 1.42 1.02 1.08 10 7
72.53 80.26 1.41 1.01 1.10 14 9
66.94 74.09 1.42 1.04 1.11 12 4
61.05 67.58 1.37 1.05 1.10 11 2
55.19 61.07 1.36 1.10 1.16 10 10
50.42 55.82 1.38 1.18 1.20 8 2
46.41 51.36 1.39 1.17 1.16 8 -3
39.86 44.13 1.35 1.24 1.22 9 -3
35.69 39.51 1.32 1.20 1.30 15 3
32.47 35.92 1.30 1.25 1.40 12 -6
29.80 32.98 1.25 1.37 1.43 15 4
28.28 31.30 1.22 1.35 1.49 12 -2
26.68 29.54 1.20 1.43 1.59 16 10
25.21 27.89 1.15 1.48 1.56 12 5
23.36 25.83 1.15 1.51 1.75 11 13
21.50 23.78 1.10 1.57 1.89 18 14
20.46 22.65 1.06 1.66 1.86 13 3
16.50 14.90 0.90 1.95 2.20 15 8
13.50 12.19 0.77 2.02 2.35 11 9
10.50 9.48 0.78 2.00 2.10 12 6
10.20 9.21 0.88 1.95 2.02 9 3
9.30 8.40 0.98 1.90 2.05 8 2
8.80 7.95 1.22 1.85 2.20 7 1
7.50 6.77 1.55 1.77 2.60 5 1
6.80 6.14 1.80 1.75 2.86 2
86.29 95.51 1.42 0.97 1.06 11 9
76.46 84.62 1.38 0.99 1.02 10 6
67.73 74.96 1.36 1.06 1.13 7 3
58.77 65.03 1.42 1.07 1.17 9 -4
54.30 60.11 1.37 1.12 1.13 12 -5
50.57 55.98 1.41 1.12 1.07 10 -4
46.64 51.62 1.43 1.16 1.20 9 2
44.25 48.98 1.36 1.15 1.21 11 4
41.20 45.61 1.32 1.16 1.26 9 3
37.34 41.32 1.39 1.26 1.34 10 5
34.96 38.70 1.30 1.24 1.32 12 6
32.06 35.48 1.26 1.32 1.31 14 7
30.21 33.42 1.30 1.36 1.48 11 5
28.53 31.59 1.27 1.44 1.57 9 2
24.83 27.48 1.20 1.49 1.63 10 3
23.63 26.16 1.11 1.45 1.70 12 -4
21.68 24.00 1.15 1.60 1.77 14 -6
20.00 22.16 1.00 1.69 1.95 15 -5
19.09 21.12 1.00 1.78 2.04 16 -5














15.84 17.54 0.86 1.97 9
14.83 16.41 0.80 1.99 2.35 15 8
12.79 14.14 0.73 2.07 2.25 13 9
11.40 12.61 0.76 2.05 2.20 15 10
9.80 8.85 0.91 1.95 2.05 14 9
9.10 8.22 1.10 1.85 2.15 10 7
8.50 7.68 1.30 1.87 2.30 9 5
8.00 7.23 1.47 1.82 2.45 6 3
7.10 6.41 1.71 1.75 2.77 4 1
6.20 5.60 1.90 1.70 3.22 2 1














65.13 129.28 1.51 0.66 0.71 12
57.51 114.16 1.60 0.72 0.75 11 -2
51.69 102.61 1.49 0.76 0.79 11 6
43.76 86.88 1.54 0.83 0.86 10 -7
38.47 76.40 1.48 0.86 0.90 10 -1
35.27 70.03 1.52 0.89 0.91 10 -6
32.37 64.28 1.45 0.94 0.98 11 -5
30.10 59.76 1.58 0.96 1.03 10 1
26.65 52.91 1.36 1.00 1.13 12 1
25.04 49.73 1.35 1.05 1.15 13 10
22.00 43.66 1.34 1.12 1.25 16
20.20 40.10 1.28 1.22 1.27 12 -1
18.00 35.77 1.21 1.32 1.50 11 6
17.02 33.78 1.27 1.40 1.49 12 -2
15.58 30.94 1.02 1.60 1.72 10 10
14.18 28.13 0.92 1.80 1.94 16 10
12.07 23.96 0.78 1.85 2.00 16 15
9.86 19.57 0.95 1.75 2.02 18 12
9.10 18.10 1.08 1.68 2.15 17 5
8.43 16.76 1.35 1.62 2.30 14 16
7.87 15.60 1.52 1.60 2.57 14 -5
7.47 14.84 1.63 1.50 2.67 12 2
6.94 13.80 1.81 1.54 2.95 11 10
6.58 13.04 1.82 1.54 3.10 11 8
6.16 12.22 1.83 1.56 3.22 9 12
5.91 11.74 1.88 1.52 3.40 9 11
65.26 129.57 1.48 0.67 0.72 14
58.19 115.56 1.53 0.70 0.74 14 -6
51.53 102.32 1.56 0.73 0.78 14 -9
43.59 86.57 1.46 0.79 0.84 14 6
36.26 72.01 1.49 0.86 0.89 11 -1
31.88 63.30 1.43 0.99 0.96 10
27.33 54.24 1.43 1.02 1.08 11
25.72 51.05 1.53 1.02 1.11 11 -1
23.33 46.32 1.48 1.06 1.22 10 1
21.25 42.21 1.29 1.13 1.23 13 1
19.67 39.05 1.41 1.21 1.35 14 9
18.10 35.93 1.36 1.25 1.41 10 7
17.02 33.78 1.23 1.35 1.56 15 -9
16.13 32.05 1.15 1.50 1.70 17 8
14.80 29.39 1.12 1.70 1.85 17 -2
14.14 28.07 1.00 1.76 1.90 13 -3
13.40 26.58 0.90 1.87 2.00 14 -7
12.32 24.44 0.82 1.82 2.05 11 -1
11.00 21.85 0.86 1.80 1.90 14 -3
8.24 16.39 1.68 1.54 2.43 10 9
7.87 15.60 1.74 1.56 2.60 9 10
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7.34 14.55 1.72 1.64 10 9
7.09 14.08 1.76 1.55 2.90 11 8
6.80 13.51 1.80 1.46 2.90 9 5
6.33 12.57 1.79 1.51 3.08 9 5
5.93 11.77 1.89 1.50 3.49 9 9
5.53 10.99 1.87 1.61 3.80 11 7
5.21 10.35 1.92 1.59 3.86 8 5
5.00 9.95 1.93 1.60 4.12 8 5
4.70 9.34 1.97 1.53 4.37 6 4
4.53 9.00 1.99 1.51 4.55 6 2
4.28 8.49 2.00 1.48 4.80 5 2
4.11 8.18 2.03 1.45 5.08 5 1
3.92 7.80 2.01 1.49 5.31 4 1
3.77 7.51 2.04 1.50 5.47 3 1
3.56 7.07 2.06 1.47 5.81 2
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59.10 184.62 1.73 0.55 0.50 13 -1
51.59 161.13 1.67 0.56 0.56 12
45.29 141.45 1.63 0.57 0.59 11 -2
42.64 133.17 1.50 0.59 0.58 14 -4
37.00 115.47 1.61 0.61 0.66 11 -3
33.43 104.43 1.60 0.66 0.74 12
30.29 94.60 1.60 0.68 0.76 10 -4
27.10 84.63 1.56 0.72 0.88 11 4
24.93 77.85 1.59 0.76 0.92 10 1
23.03 71.91 1.59 0.82 1.00 9 2
21.56 67.36 1.64 0.81 0.95 9 -4
20.10 62.81 1.46 0.88 0.99 12
17.94 56.03 1.41 0.97 1.03 14
15.84 49.46 1.47 1.05 1.21 12 3
14.72 45.98 1.54 1.12 1.30 11 3
13.87 43.36 1.38 1.13 1.30 10 5
13.21 41.26 1.36 1.25 1.34 10 -3
12.47 38.92 1.29 1.30 1.33 15 -9
11.80 36.87 1.17 1.36 1.60 16 8
11.17 34.85 1.24 1.37 1.52 14 -6
10.59 33.07 1.16 1.42 1.57 12 -7
10.12 31.64 1.19 1.40 1.59 10 -5
9.60 30.00 1.26 1.45 1.74 8 4
8.72 27.24 1.42 1.44 2.01 8 9
8.34 26.06 1.54 1.40 2.23 G 12
7.63 23.84 1.68 1.34 2.38 4 11
7.28 22.73 1.69 1.34 2.61 4 11
7.01 21.90 1.75 1.32 2.74 4 8
6.71 20.95 1.78 1.27 2.84 4 3
6.44 20.08 1.79 1.25 3.02 3 2
6.18 19.29 1.81 1.26 3.17 2 1
5.77 18.02 1.91 1.25 3.36 2 1
56.11 175.27 1.52 0.55 0.56 15 -5
47.16 147.35 1.65 0.57 0.59 13
39.77 124.23 1.69 0.65 0.70 11
38.29 119.63 1.51 0.62 0.64 12 -6
34.10 106.48 1.62 0.66 0.77 11 2
30.51 95.28 1.57 0.70 0.75 10 5
27.90 87.12 1.60 0.72 0.84 10 1
25.58 79.95 1.56 0.75 0.85 11 -5
23.10 72.19 1.52 0.81 0.98 12 4
21.47 67.08 1.57 0.84 1.00 13
20.37 63.60 1.46 0.88 0.90 12 -3
19.00 59.28 1.45 0.90 1.09 12 -9
17.54 54.81 1.48 0.96 1.07 10
15.49 48.39 1.41 1.02 1.18 9
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14.73 46.06 1.52 1.10 1.28 13 1
13.18 41.14 1.31 1.16 1.38 11 7
11.95 37.34 1.14 1.38 1.54 12 3
8.13 25.38 1.62 1.36 2.40 14 1
7.72 24.12 1.70 1.36 2.55 9 6
7.06 22.06 1.72 1.30 2.74 8 -2
6.62 20.67 1.75 1.30 2.87 6
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59.30 265.74 1.79 0.51 10 -5
48.23 216.13 1.83 0.51 0.57 11 1
39.84 178.52 1.77 0.55 0.63 10
35.71 160.02 1.70 0.58 0.67 12 2
30.76 137.83 1.71 0.62 0.76 11 4
28.65 128.39 1.74 0.61 0.78 11 -2
26.68 119.61 1.73 0.65 0.85 10 5
23.03 103.20 1.74 0.66 0.91 10 2
20.70 92.77 1.62 0.78 0.99 10 2
18.22 81.67 1.72 0.78 1.10 8 4
16.70 74.89 1.63 0.84 1.25 13 8
16.09 72.04 1.65 0.84 1.24 10 10
14.82 66.45 1.61 0.94 1.34 13 8
13.63 61.09 1.63 0.92 1.43 12 8
12.91 57.86 1.62 0.90 1.41 10 7
11.90 53,31 1.60 1.02 1.62 14 9
10.50 47.05 1.60 1.09 1.83 13 6
9.94 44.58 1.70 1.03 1.94 11 9
9.29 41.59 1.73 1.10 2.19 12 9
8.30 37.23 1.80 1.08 2.40 10 11
8.04 36.00 1.77 1.15 2.44 11 10
7.56 33.86 1.84 1.05 2.63 11 9
7.21 32.35 1.83 1.11 2.74 12 9
6.81 30.54 1.87 1.04 2.94 10 8
6.17 27.65 1.88 1.08 3.20 9 7
5.60 25.09 1.90 1.05 3.60 8 4
5.11 22.91 1.93 1.05 3.95 7 3
4.72 21.15 1.95 1.04 4.23 6 3
4.32 19.35 1.97 0.99 4.69 5 3
3.97 17.83 2.00 1.01 5.14 5 3
3.70 16.69 2.00 0.95 5.45 4 2
3.37 15.08 2.02 0.94 6.11 3 2
3.18 14.23 2.03 0.90 6.46 2 1
2.81 12.62 2.05 0.83 7.35 2 1
2.54 11.33 2.07 0.74 8.27 1
51.65 231.45 1.77 0.51 0.56 11 1
42.15 188.86 1.77 0.55 0.64 11 1
37.26 166.95 1.71 0.57 0.65 10 2
32.16 144.09 1.71 0.61 0.73 9
28.02 125.54 1.71 0.63 0.81 11 -1
25.44 113.97 1.66 0.67 0.83 10 1
22.03 98.70 1.69 0.71 0.98 11
19.71 88.26 1.67 0.75 1.08 9 1
18.41 82.48 1.68 0.7G 1.12 9 2
17.15 76.83 1.65 0.83 1.17 8
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15.91 71.29 1.69 1.26 8
14.93 66.87 1.56 0.91 1.29 10 4
13.82 61.89 1.67 0.86 1.41 10 10
12.94 58.00 1.66 0.99 1.50 11 6
12.06 54.07 1.71 0.98 1.66 11 10
11.34 50.84 1.66 1.05 1.73 12 7
10.66 47.81 1.62 1.04 1.90 17 9
9.88 44.25 1.70 1.07 1.99 14 11
9.36 41.93 1.75 1.05 2.13 11 12
8.77 39.27 1.74 1.11 2.26 10 13
8.33 37.33 1.82 1.04 2.38 10 10
7.66 34.34 1.78 1.14 2.59 12 10
7.18 32.20 1.86 1.03 2.75 9 9
6,57 29.45 1.84 1.15 3.00 9 8
5.96 26.65 1.88 1.13 3.35 8 9
5.72 25.56 1.88 1.14 3.46 6 6
5.40 24.24 1.91 1.06 3.68 4 3
5.20 23.33 1.92 1.10 3.82 2 2
5.02 22.48 1.93 1.14 4.02 2
4.79 21.44 1.93 1.02 4.19 2 1
4.58 20.54 1.95 1.07 4.40 2
4.45 19.92 1.93 1.00 4.46 1
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48.1 253.0 1.81 0.52 0.54 12 2
38.3 201.5 1.72 0.54 0.G1 10 6
31,5 166.0 1.70 0.58 0.70 12 4
26.3 138.4 1.86 0.62 0.81 11 1
25.0 131.4 1.69 0.66 0.79 8 6
19.8 104.2 1.75 0.74 1.00 9
19.0 100.0 1.61 0.75 1.02 6 11
15.6 82.2 1.72 0.80 1.22 7 9
13.9 73.1 1.65 0.85 1.19 8 8
11.6 61.1 1.65 0.94 1.58 7 10
10.5 55.0 1.74 0.96 1.73 6 7
9.4 49.4 1.68 1.00 1.89 3 4
8.6 45.0 1.72 1.02 2.11 6 C
7.6 39.9 1.76 1.02 2.34 3 2
5.9 31.1 1.89 1.02 3.27 2 1
5.8 30.4 1.92 1.01 3.19 1
56.2 295.6 1.90 0.49 0.55 13 in
47.1 247.7 1.86 0.52 0.59 11 7
38.8 204.1 1.82 0.56 0.69 11 6
34.7 182.7 1.85 0.57 0.72 9 10
31.8 167.5 1.80 0.60 0.73 8 8
29.4 155.0 1.83 0.62 0.80 7 9
24.7 129.8 1.66 0.66 0.88 10 10
23.1 121.7 1.81 0.68 0.86 9 6
21.2 111.3 1.66 0.69 0.95 8 12
19.4 102.1 1.75 0.73 1.00 7 8
17.4 91.5 1.72 0.78 1.08 6 9
16.2 85.3 1.70 0.80 1.21 4 10
14.7 77.2 1.68 0.85 1.25 1 9
13.3 70.2 1.78 0.87 1.42 8 8
12.6 66.4 1.73 0.88 1.49 9 10
11.1 58.2 1.80 0.94 1.71 10 6
10.4 54.7 1.74 0.99 1.80 11 6
9.8 51.3 1.76 1.00 1.90 13 5
9.4 49.2 1.74 1.01 1.95 10 4
8.7 45.6 1.81 1.03 2.19 9 2
51.5 270.7 1.84 0.51 0.55 12 4
43.9 230.7 1.75 0.53 0.56 10 3
37.0 194.8 1.75 0.56 0.64 12 7
30.0 157.6 1.71 0.61 0.69 11 7
25.6 134.5 1.75 0.65 0.83 8 7
23.4 122.9 1.70 0.67 0.80 9 6
21.2 111.3 1.70 0.71 0.88 6 8
18.7 98.4 1.68 0.75 0.99 7 9












15.2 79.8 1.59 0.84 1.22 9 12
13.8 72.7 1.62 0.87 1.20 8
12.5 65. G 1.62 0.90 1.34 6 3
11.0 57.9 1.63 0.96 1.65 6 6
10.2 53.8 1.68 0.97 1.72 6 5
8.7 45.8 1.73 1.00 2.06 8 3
45.7 240.5 1.85 0.53 0.62 12 9
39.6 208.2 1.91 0.55 0.62 10 3
31.5 165.7 1.85 0.59 0.71 10 4
28.2 148.3 1.80 0.62 0.78 8 6
24.
G
129.3 1.75 0.64 0.86 11 10
21.7 114.0 1.80 0.68 0.94 9 10
19.1 100.5 1.74 0.76 1.09 8 9
17.2 90.7 1.75 0.76 1.13 11 10
15. 82.0 1.73 0.78 1.18 10 8
14.3 75.0 1.76 0.85 1.36 11 7
12.1 63.5 1.69 0.90 1.55 13 9
11.2 58.7 1.65 0.98 1.64 9 8
10.4 54.6 1.56 1.00 1.73 8 5
9.5 50.1 1.73 1.03 2.09 6 -2
9.0 47.
G
1.83 1.04 2.18 4 -1
8.4 44.2 1.79 1.04 2.41 4 -1
7.8 41.2 1.86 1.02 2.44 4 -2
7.4 38.9 1.85 1.00 2.62 3
56.2 295.5 1.76 0.51 0.55 9 4
53.1 279.4 1.83 0.50 0.55 n 3
42.5 223.5 1.86 0.53 0.62 9 7
32.9 173.2 1.62 0.58 0.68 n 9
28.0 147.5 1.70 0.64 0.80 10 9
27.1 142.7 1.72 0.63 0.80 9 8
23.8 125.3 1.72 0.66 0.R8 10 9
19.4 102.3 1.64 0.74 1.02 10 7
17.3 91.2 1.68 0.81 1.15 10 7
15.8 83.3 1.60 0.81 1.20 13 9
14.9 78.2 1.57 0.88 1.27 14 11
13.6 71.4 1.60 0.91 1.41 15 11
12.5 66.0 1.73 0.87 1.55 11 9
11.7 61.4 1.75 0.92 1.66 9 7
10.2 53.9 1.70 0.99 1.90 8 6
8.8 46.5 1.79 1.03 2.23 6 4
7.8 41.2 1.80 0.97 2.48 5 2
6.9 36.2 1.88 0.97 2.88 4 -1
6.2 32.8 1.89 1.02 3.21 4 -1
5.5 28.8 1.95 0.97 3.67 2
4.8 25.5 1.96 1.02 4.10
4.4 22.9 1.99 0.89 4.67 2
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3.8 20.0 2.01 0.96 5.42 4 2
54.9 288.8 1.81 0.51 0.57 10 9
51.9 273.1 1.87 0.49 0.57 11 9
43.7 229.7 1.79 0.55 0.64 9 8
41.7 219.4 1.85 0.54 0.63 9 7
32.8 172.3 1.65 0.53 0.66 9 5
26.7 140.4 1.69 0.64 0.80 9 3
23.2 122.1 1.72 0.66 0.93 9 -1
20.9 109.8 1.68 0.73 0.99 8 -3
18.5 97.4 1.67 0.78 1.06 8 12
16.7 87.9 1.71 0.78 1.18 9 10
14.8 77.8 1.63 0.82 1.31 10 11
13.6 71.5 1.67 0.83 1.41 11 10
12.4 65.1 1.73 0.92 1.50 9 9
11.4 59.9 1.78 0.95 1.65 8 6
9.2 48.4 1.66 1.00 2.17 8 6
8.8 46.5 1.75 1.04 2.27 6 5
7.9 41.6 1.79 1.05 2.45 6 3
7.2 38.1 1.86 0.98 2.74 5 3
6.5 34.1 1.90 1.04 3.11 4 2
5.9 30.8 1.90 0.98 3.41 4
5.3 28.1 1.96 0.92 3.82 4 1
4.8 25.0 1.98 0.93 4.40 4 1
4.2 21.9 1.99 0.97 5.07 3 1















88.20 738.32 8 2
85.15 712.79 1.76 0.66 0.74 9 3
82.10 687.26 1.75 0.67 0.74 7 4
76.00 636.20 1.76 0.67 0.73 8 3
73.25 613.18 1.74 0.66 0.71 9 4
70.05 586.37 1.75 0.66 0.71 8 4
69.86 584.82 1.80 0.65 0.70 7 3
64.65 541.14 1.78 0.65 0.69 7 3
60.55 506.88 1.75 0.63 0.68 8 4
57.05 477.57 1.74 0.62 0.67 8 5
53.10 444.44 1.80 0.61 0.68 8 4
49.11 411.10 1.75 0.60 0.66 6 4
44.99 376.60 1.76 0.58 0.65 8 5
42.85 358.71 1.80 0.58 0.65 9 4
39.20 328.14 1.75 0.58 0.66 8 5
36.12 302.36 1.76 0.58 0.68 7 5
34.47 291.04 1.72 0.61 0.70 9 5
33.21 278.00 1.73 0.57 0.70 8 6
31.08 260.12 1.76 0.61 0.74 9 5
31.15 260.72 1.81 0.59 0.73 9 6
28.14 235.56 1.75 0.60 0.79 8 6
27.08 226.72 1.73 0.63 0.81 9 6
26.11 218.57 1.77 0.59 0.83 7 4
26.05 21 7 . 98 1.74 0.61 0.84 8 5
24.63 206.16 1.80 0.63 0.85 9 6
23.50 196.72 1.72 0.60 0.90 9 6
23.03 192.80 1.78 0.64 0.92 8 6
22.20 185.84 1.76 0.62 0.96 9 7
20.12 168.40 1.84 0.63 1.03 7 7
18.50 154.86 1.75 0.63 1 .09 8 7
17.21 144.07 1.80 0.65 1.15 9 8
15.51 129.83 1.77 0.65 1.25 10 10
15.08 126.23 1.80 0.68 1.27 11 12
13.97 117.00 1.80 0.60 1.35 9 14
13.05 109.24 1.75 0.72 1.46 10 15
12.48 104.49 1.80 0.71 1.52 11 16
12.07 101.04 1.85 0.75 1.60 12 18
11.20 93.70 1.84 0.79 1.70 11 14
10.55 88.31 1 .85 0.78 1.80 10 13
10.10 84.54 1.85 0.82 1.87 9 10





1. 3 = D /vT and cylinder diameter D, given on top of each page,
identify the data set;
2. K represents the Keulegan-Carpenter number, U T/D;
3. Re represents the Reynolds number based on diameter, U D/v;
4. C (max) represents the maximum transverse force coefficient;
5. C. (rms) represents the root-mean-square normalized value of
the transverse force, (it has not been evaluated
for all runs)
;
6. f represents the ratio of the frequency of the transverse force
r
to frequency of flow oscillation (f = 1/T);
7. St = f D/U = f /K represents the Strouhal number;
v m r
r
8. All of the data given in Appendix B are for smooth cylinders;
9. Second and higher harmonics of the transverse force have not been
analysed.
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175.55 87.28 0.22 0.20
158.93 79.02 0.26 27 0.17
137.64 68.43 0.28 27 0.20
121.84 60.58 0.39 25 0.20
110.75 55.06 0.24 23 0.21
103.79 51.60 0.46 21 0.20
93.11 46.29 0.50 18 0.19
84.34 41.93 0.43 18 0.21
77.48 38.52 0.76 16 0.21
71.82 35.71 0.99 14 0.19
66.61 33.12 1.14 14 0.21
61.72 30.68 0.81 13 0.21
58.16 28.91 0.86 13 0.22
54.72 27.21 1.39 13 0.24
51.61 25.66 1.00 11 0.21
47.35 23.54 0.89 9 0.19
45.03 22.39 1.75 10 0.22
43.09 21.43 1.01 9 0.21
41.03 20.40 1.29 8 0.19
38.93 19.36 1.39 8 0.20
37.21 18.50 1.80 8 0.21
35.78 17.80 1.79 8 0.22
33.85 16.83 1.68 8 0.24
32.64 16.23 1.67 8 0.24
30.70 15.26 1.51 7 0.23
29.49 14.66 1.73 6 0.20
27.87 13.86 2.05 6 0.21
26.54 13.19 1.73 6 0.23
20.53 10.21 2.10 5 0.24
19.64 9.76 2.21 5 0.25
18.59 9.24 2.30 4 0.21
17.61 8.75 3.24 4 0.23
16.72 8.31 3.41 4 0.24
16.05 8.00 3.16 4 0.25
15.19 7.55 3.34 3 0.20
14.36 7.14 2.46 3 0.21
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177.49 88.24 0.15 44 0.25
161.16 80.12 0.24 27 0.17
146.76 72.96 0.24 28 0.19
133.76 66.50 0.32 27 0.20
118.51 58.92 0.33 22 0.19
109.93 54.65 0.47 21 0.19
96.45 47.95 0.55 17 0.18
90.22 44.86 0.33 18 0.20
84.92 42.22 0.58 15 0.18
78.24 38.90 0.59 15 0.19
74.02 36.80 0.61 16 0.22
70.14 34.87 0.44 14 0,20
67.37 33.50 0.58 14 0.21
64.93 32.28 0.76 14 0.22
61.05 30.35 0.81 14 0.23
58.28 28.98' 0.75 11 0.19
55.93 27.81 0.76 12 0.21
53.71 26.70 0.95 12 0.22
51.83 25.77 1.27 10 0.19
50.50 25.11 1.41 10 0.20
48.85 24.29 1.21 10 0.20
47.13 23.43 0.77 13 0.28
45.57 22.66 1.71 9 0.20
41.82 20.79 1.83 8 0.19
40.49 20.13 1.79 8 0.20
39.09 19.43 1.12 9 0.23
36.32 18.06 1.21 7 0.19
34.89 17.35 1.38 7 0.20
30.95 15.39 1.19 7 0.23
31.13 14.98 1.93 7 0.22
28.60 14.22 1.66 6 0.21
27.33 13.59 1.80 6 0.22
24.66 12.26 1.60 5 0.20
21.16 10.52 2.55 5 0.24
20.34 10.11 2.21 4 0.20
19.45 9.67 2.52 4 0.21
18.81 9.35 2.73 4 0.21
18.11 9.00 3.20 4 0.22
17.32 8.61 2.78 4 0.23
16.68 8.30 2.86 4 0.24
16.21 8.06 3.17 3 0.18
15.48 7.70 3.25 3 0.19
14.94 7.42 2.92 3 0.20
14.36 7.14 2.39 3 0.21
13.89 6.90 2.35 2 0.14
13.57 6.75 3.15 2 0.15
13.00 6.46 3.71 2 0.15
12.49 6.21 3.83 2 0.16
12.14 6.03 3.07 2 0.16
11.76 5.85 3.64 2 0.17
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K Rex 10 J C. (max) C.(rms) f
r
St
146.61 162.26 0.08 0.04 29 0.20
124.70 138.00 0.18 0.06 20 0.16
106.70 118.10 0.17 0.07 17 0.16
92.23 102.10 0.23 0.10 19 0.21
80.73 89.34 0.23 0.11 13 0.18
71.77 79.44 0.32 0.17 13 0.18
59.05 65.36 0.41 0.19 12 0.20
53.51 59,28 0.44 0.14 12 0.23
48.00 53.10 0.56 0.18 9 0.19
41.89 46.34 1.10 0.37 10 0.23
40.16 44.46 1.00 0.49 9 0.22
36.66 40.59 0.93 0.38 8 0.22
34.22 37.88 0.74 0.32 7 0.21
31.02 34.32 0.71 0.22 7 0.22
29.35 32.48 1.46 0.67 6 0.19
27.06 29.94 1.84 0.81 5 0.20
25.21 27.89 2.22 0.74 5 0.20
24.02 26.59 2.25 0.91 5 0.21
22.97 25.43 1.71 0.68 5 0.21
21.60 23.93 1.98 0.87 5 0.22
20.46 22.65 2.59 1.02 5 0.22
19.27 21.33 2.92 1.18 4 0.22
18.43 20.39 3.16 1.29 4 0.23
17.31 19.16 2.87 1.16 4 0.25
16.35 18.08 2.95 1.18 4 0.21
15.49 17.14 2.87 1.21 3 0.21
13.15 14.51 3.10 1.50 2 0.15
12.34 13.65 3.10 1.65 2 0.16
11.73 13.00 3.24 1.67 2 0.18
7.87 8.72 2.40 1.45 2 0.26
143.48 158.78 0.08 0.03 24 0.17
129.55 143.36 0.10 0,04 20 0.16
113.41 125.49 0.16 0.05 18 0.16
100.97 111.73 0.23 0.07 17 0.17
89.08 98.58 0.24 0.10 14 0.16
80.37 88.94 0.34 0.13 15 0.19
72.38 80.10 0.32 0.12 14 0.20
62.37 69.02 0.52 0,19 14 0.23
56.68 62.72 0.69 0,24 12 0.21
53.27 58.95 0.51 0.17 12 0.23
49.25 54.50 0.84 0.38 10 0.21
44.65 49.41 0.66 0.27 9 0.21
38.68 42.81 0.84 C.35 9 0.22
34.38 38.04 0.94 0.42 7 0.19
29.76 32.93 0.96 0.33 6 0.19
26.73 29.58 1.22 0.51 6 0.21
24.84 27.48 1.67 0.74 6 0.21




K Re x 10*° C, (max) C. (rms) f
r
St
21.54 23.83 2.27 1.06 5 0.21
20.39 22.56 2.63 1.35 4 0.19
16.32 18.06 2.51 1.45 2 0.15
15.32 16.95 3.15 1.55 2 0.14
14.12 15.63 3.72 1.72 2 0.16
13.16 14.57 3.26 1.73 2 0.16
11.95 13.22 3.76 1.83 2 0.18
10.63 11.76 3.33 1.72 2 0.20
9.67 10.70 3.86 1.58 2 0.24
8.56 9.48 3.19 1.55 2 0.27















83.14 165.06 0.12 0.05 22 0.28
73.03 144.96 0.17 0.05 20 0.28
56.54 112.24 0.26 0.11 14 0.25
51.27 101.79 0.30 0.12 12 0.23
44.16 87.67 0.38 0.14 10 0.23
41.54 82.46 0.53 0.16 10 0.25
37.77 74.98 0.55 0.19 9 0.24
33.76 67.03 0.60 0.24 8 0.23
32.35 64.22 0.75 0.31 7 0.22
29.61 58.79 0.76 0.28 7 0.23
27.32 54.24 1.07 0.45 6 0.21
23.89 47.42 1.50 0.66 5 0.23
22.93 45.53 1.36 0.59 5 0.23
21.37 42.43 1.52 0.68 4 0.19
19.10 37.92 1.45 0.51 4 0.23
17.72 35.17 1.95 0.88 2 0.14
16.67 33.09 2.78 1.06 2 0.14
15.51 30.78 2.31 1.12 2 0.13
14.66 29.11 2.90 1.38 2 0.14
13.57 26.93 3.03 1.57 2 0.15
12.26 24.34 3.59 1.81 2 0.16
11.36 22.54 3.36 1.73 2 0.19
10.69 21.22 2.98 1.75 2 0.19
9.41 18.69 2.94 1.75 2 0.22
8.44 16.76 2.95 1.80 2 0.24
92.55 183.78 0.14 0.05 19 0.20
75.12 149.36 0.20 0.07 21 0.28
65.81 130.67 0.18 0.08 19 0.30
58.19 115.55 0.26 0.10 13 0.23
51.54 102.32 0.27 0.09 16 0.32
46.76 92.85 0.25 0.11 11 0.23
42.76 84.90 0.32 0.15 12 0.28
38.82 77.07 0.47 0.16 12 0.30
35.42 70.34 0.62 0.24 9 0.25
32.77 65.07 0.67 0.24 9 0.28
30.44 60.43 0.61 0.22 8 0.27
28.32 56.23 1.01 0.43 6 0.22
26.27 52.16 0.85 0.34 6 0.23
23.52 46.69 1.51 0.65 5 0.21
22.00 43.69 1.70 0.67 4 0.23
20.75 41.20 0.98 0.48 5 0.22
19.69 39.12 1.82 0.65 5 0.22
18.54 36.81 1.96 0.87 4 0.22
16.79 33.34 1.98 0.90 4 0.22
15.86 31.48 2.23 1.03 4 0.22
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St D = 4.990"
59.44 185.64 0.30
53.91 168.38 0.19 0.07 19 0.35
49.27 153.89 0,29 0.09 18 0.36
44.74 139.75 0,24 0.09 16 0.36
39.22 122.48 0.31 0.12 12 0.31
34.59 108.03 0.50 0.22 9 0.25
30.56 95.44 0.43 0.19 7 0.22
28.03 87.56 0.36 0.17 8 0.28
25.78 80.51 0.64 0.28 7 0.27
23.03 71.91 0.49 0.18 6 0.25
21.03 65.70 0.69 0.25 3 0.16
19.93 62.25 1.03 0.42 5 0.25
18.51 57.82 1.02 0.42 4 0.23
17.38 54.29 1.07 0.37 3 0.18
16.06 50.17 0.67 0.30 2 0.14
13.90 43.40 0.99 0.52 3 0.21
10.21 31.88 1.08 0.60 2 0.21
67.38 210.47 0.15 0.05 16 0.24
58.00 181.17 0.20 0.07 19 0.32
48.39 151.15 0.20 0.08 19 0.39
43.08 134.56 0.25 0.10 14 0.32
37.81 118.13 0.31 0.14 12 0.31
34.18 106.76 0.27 0.12 11 0.31
31.00 96.82 0.38 0.15 8 0.24
26.34 82.29 0.79 0.25 7 0.26
24.27 75.80 0.58 0.24 6 0.23
22.36 69.85 0.88 0.36 5 0.22
21.03 65.70 0.72 0.30 6 0.31
18.31 57.18 1.00 0.45 4 0.23
17.21 53.74 0.74 0.38 4 0.22
14.49 45.26 1.25 0.66 4 0.27
13.52 42.25 1.25 0.66 4 0.27
11.36 35.48 1.22 0.72 2 0.19
10.88 33.98 0.93 0.51 2 0.18
10.32 32.23 1.22 0.76 2 0.20
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57.18 256.21 0.18 0.08 15 0.26
48.88 219.07 0.14 0.07 14 0.29
44.27 198.35 0.21 0.08 17 0.38
39.65 177.71 0.38 0.14 14 0.35
34.57 154.85 0.25 0.08 11 0.32
28.83 129.20 0.46 0.18 10 0.35
28.01 113.78 0.58 0.25 9 0.23
23.29 104.34 0.90 0.38 7 0.28
21.44 96.09 1.11 0.40 6 0.26
19.37 86.79 0.65 0.30 5 0.28
18.04 80.82 1.08 0.47 5 0.28
16.67 74.70 1.38 0.59 5 0.27
15.54 69.67 0,96 0.42 4 0.24
14.50 64.98 1.18 0.59 3 0.22
10.59 47.48 0.92 0.43 3 0.30
9.19 41.17 0.95 0.39 3 0.32
8.68 38.89 1.23 0.57 2 0.26
8.10 36.33 0.81 0.35 2 0.26
7.58 34.01 0.60 0.27 2 0.32
7.09 31.78 0.69 0.29 2 0.28
6.62 29.69 0.50 0.26 2 0.27
6.26 28.03 0.87 0.44 2 0.31
5.60 25.09 0.74 0.31 2 0.39
62.37 279.36 0.17 20 0.32
37.55 168.19 0.28 13 0.35
32.14 143.95 0.51 10 0.31
26.95 120.71 0.41 8 0.30
24.38 109.18 0.68 6 0.25
20.30 90.92 1.34 5 0.25
17.12 76.69 1.37 4 0.23
14.98 67.11 1.12 4 0.27
12.66 56.73 0.85 4 0.31
10.28 46.05 0.76 3 0.29
8.74 39.13 0.72 2 0.23
8.44 37.80 0.92 2 0.24
7.91 35.43 0.50 2 0.25
6.87 30.78 0.46 2 0,29





K Re x 10"
3




53.62 282.08 0.22 0,08 14 0.26
43.84 230.33 0.29 0.12 13 0.30
38.30 201.50 0.41 0.13 9 0.23
34.90 183.62 0.28 0.12 11 0.33
31.15 163.88 0.36 0.13 10 0.31
28.32 149.00 0.52 0.20 9 0.31
25.93 136.39 0.48 0.23 8 0.30
21.00 110.39 0.54 0.23 2 0.11
19.27 101.39 0.87 0.33 2 0.11
17.47 91.89 0.89 0.40 2 0.12
16.24 85.41 0.79 0.32 3 0.19
15.11 79.50 1.31 0.64 3 0.21
14.02 73.80 1.36 0.63 2 0.17
13.17 69.33 0.75 0.43 2 0.15
12.24 64.39 0.53 0.21 2 0.18
11.50 60.54 1.44 0.61 3 0.22
10.68 56.17 0.70 0.37 4 0.34
10.03 52.78 1.25 0.46 2 0.16
9.05 47.59 0.64 0.25 3 0.28
8.70 45.79 0.89 0.39 2 0.20
8.00 42.04 0.57 0.29 3 0.31
7.57 39.78 0.69 0.30 2 0.23
5.19 27.29 0.63 0.44 2 0.31
5.45 28.68 0.56 0.40 2 0.28
5.78 30.42 0.52 0.35 2 0.47
7.33 38,54 0.47 0.30 2 0.25
7.86 41.32 0.51 0.26 2 0.29
8.71 45.79 0.62 0.27 3 0.31
9.55 50.62 1.14 0.47 2 0.20
10.29 54.11 1.41 0.58 2 0.18
11.05 58.12 1.02 0.39 3 0.27
12.75 67.06 1.12 0.53 3 0.20
14.24 74.93 0.78 0.43 3 0.21
15.46 81.30 1.33 0.45 3 0.19
17.23 90.65 1.07 0.45 3 0.15
19.11 100.52 0.61 0.23 3 0.17
21.84 114.86 0.43 0.20 7 0.30
25.15 132.28 0.57 0.19 7 0.28
30.99 163.01 0.41 0.15 9 0.28
36.18 190.30 0.28 0.10 8 0.21
42.05 221.18 0.30 0.10 16 0.38
52.61 276.74 0.25 0.09 21 0.40
56.01 294.62 0.31 15 0.27
49.63 261.06 0.24 18 0.36
44.36 233.31 0.22 15 0.34
40.10 210.91 0.37 13 0.32
34.99 184.03 0.32 9 0.26
32.09 168.82 0.45 9 0.28
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K Re x 10"° C. (max) C.(rms) f St
29.14 153.30 0.55 10 0.34
27.02 142.15 0.51 9 0.33
24.46 128.68 0.59 7 0.29
22.95 120.77 0.56 6 0.26
20.85 109.67 0.44 6 0.29
19.21 101.03 0.69 5 0.26
17.81 93.68 0.66 5 0.28
16.03 84.54 0.69 4 0.25
13.75 72.30 1.06 3 0.22
12.96 68.19 0.96 3 0.23
12.14 63.88 1.09 3 0.25
11.44 60.18 0.65 3 0.26
10.73 56.43 0.71 2 0.19
10.15 53.39 0.59 2 0.20
9.67 50.88 0.85 2 0.21
9.12 47.99 0.94 3 0.33
8.67 45.63 0.63 2 0.23
7.87 41.42 0.92 2 0.25
7.26 38.18 0,53 2 0.27
7.01 36.90 0,61 2 0.28
6.71 35.31 0.48 2 0.30
6.40 33.66 0.61 2 0.31
54.56 287.01 0.14 15 0.27
48.44 254.79 0.22 18 0.37
43.42 228.38 0.19 15 0.34
37.46 197.03 0.34 12 0.32
33.03 173.75 0.28 10 0.30
30.88 162.44 0.31 9 0.29
28.69 150.93 0.60 9 0.31
26.61 139.98 0.46 7 0.26
24.81 130.48 0.46 7 0.28
23.20 122.05 0.75 8 0.34
21.22 111.62 0.79 6 0.28
19.59 103.04 1.00 6 0.31
17.95 94.40 0.88 5 0.28
16.72 87.30 1.11 3 0.18
15.73 82.74 1.59 4 0.25
14.65 77.09 0.81 4 0.27
13.77 72.46 0.83 3 0.22
13.02 68.50 1.13 4 0.31
11.97 62.95 0.94 4 0.33
11.37 59.82 0.62 3 0.26
10.70 56.27 0.95 4 0.37
10.15 53.39 0.74 3 0.30
9.67 50.88 0.81 4 0.41
8.34 43.88 0.97 2 0.24
7.99 42.04 0.78 2 0.25
7.60 39.98 0.80 2 0.26






1. This appendix represents sample calculations through the use of
the discrete vortex model for K = 9.2. Analysis and
complete results will be presented separately;
2. There are four types of discrete vortices: + and * represent the
vortices shed from the separation points as flow speed
increases from left to right; X and . represent the
vortices shed from the additional separation points
as the flow reverses its direction;
3. Normalized time t/T is given on each figure.
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APPENDIX C - SAMPLE DISCRETE VORTEX ANALYSIS FOR K = 9.2.
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